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Two kinds of modern composites are studied in this thesis. One is ferroelectric materials, and 
the other is the multiferroic composites. Based upon the essential physical properties of these two 
types composites, several issues need to be considered in order to study their overall effective 
properties. For example, the microstructures of the system including the shape, size and the 
distribution; the phase connectivity; and the loading conditions will impact the results. First, we 
focus on the investigation of ferroelectrics and its composites. Based on the experimental 
observations, the nonlinear electromechanical coupling responses of ferroelectrics are strongly 
depending on the frequency of the applied electric field. In order to interpret the influence of a 
frequency, an exponential function is introduced to express the remanent polarization and coercive 
field in terms of the frequency. Here the remanent polarization is the polarization corresponding 
to zero electric field, and the coercive field is relating to the field range at zero electrical 
displacement. As indicated in the previous work, the nonlinear ferroelectric behaviors are mainly 
due to domain switch. In order to consider the evolution of the domain switch, a ferroelectric 
material can be treated as a two-phase composite with a parent phase and the switched domains. 
During the external loadings, the evolution of the domains can be evaluated using the irreversible 
thermodynamics principle. Then a micromechanics-based model can be applied to obtain the 
nonlinear response of the system. The existing theoretical works in the literature did not consider 
the influence of the frequency. Here we incorporate the frequency-dependent exponential 
functions into the micromechanics-based model to establish the nonlinear constitutive relations of 
a ferroelectric material. Then, for the two-phase ferroelectric composites, the Mori-Tanaka Method 
can be applied to analyze and solve the overall effective electro-mechanical coupling behavior of 
 V 
the system. We demonstrate how the overall nonlinear effective physical properties depend on the 
phase volume concentration and inclusions’ shape and the loading frequency. Our predictions are 
shown to be in a good agreement with experimental data. Second, for multiferroic composites, 
both linear and nonlinear effective physical properties are studied. Magnetoelectric effect is one 
of the most important features in multiferroic composites which is absent in either ferromagnetic 
or ferroelectric composites, but it is observed by the overall multiferroic composites. For the linear 
case, a popular BaTiO3-CoFe2O4 system is studied with different connectivity and aspect ratio. 
The effective physical properties of overall composites analyzed by the Mori-Tanaka method. The 
results shown that the magnetoelectric coupling coefficients 𝛼!! and 𝛼"" are highly depending on 
the volume fraction and aspect ratio. For the case of nonlinear, a two-level micromechanics model 
is developed to study the nonlinear magnetoelectric (ME) effects of multiferroic composites 
consisting both ferromagnetic and ferroelectric phases. At the first level, similar to a ferroelectric 
material, a ferromagnetic phase can also be studied using a model involving a thermodynamically 
based evolution of the product domain from the parent one. Once the physical properties of 
ferroelectric and/or ferromagnetic phase can be obtained at the first level, their multiferroic 
composites can be studied as a two-phase composite at the second level. Then the two-level model 
is applied to evaluate the nonlinear magnetoelectric effects of Terfenol-D/PZT/Terfenol-D 
laminated system under the applied magnetic field. To verify the model, the voltage coefficient 
𝛼#""  of the system is calculated and compared with the experimental data. The comparison 
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In this thesis, two kinds of popular composites are studied. One is the ferroelectric materials, 
and the other is the multiferroic composites. Since the electro-mechanical or electro-magneto-
elastic coupling issues involved, the determination of physical properties and their nonlinear 
behaviors are remaining a challenge. The aspect ratio and shape of inclusions, the volume fraction 
and frequency of applied electric field can all greatly affect the couplings. Therefore, our focus in 
this thesis is on developing a theoretical approach to determine the physical properties and 
nonlinear responses of the composites in terms of composite micro-structures. In this way, our 
study supplies a new method to obtain the nonlinear ferroelectric and ferro-elastic behaviors of 
ferroelectric composites, and also spot a light for determining magnetoelectric coupling coefficient 
of multiferroic composites through the theory of micromechanics. There are two parts in this thesis: 
the first part focuses on ferroelectric materials and the second part on multiferroic composites. 
  In recent several decades, ferroelectric materials attract many researchers to study due to their 
potential applications as transducers, sensors, actuators and other smart structures and devices. 
Generally, two most typical and widely used ferroelectric materials are pure ferroelectrics and 
piezocomposites with piezoelectric inclusions embed into polymers as matrix. Some typical 
piezoelectric materials such as lead zirconium titanate (PZT), barium titanate (BaTiO3) embed 
inside of polymers such as epoxy to form a new kind of composites so as to enhance their 
mechanical, thermal and electrical performance. Among of all kinds of piezocomposites, the 1-3 
fibrous composites with aligned piezoelectric fibers in a polymer matrix is one of the most widely 
   2 
 
adopted configurations [1]. However, not only the shape of inclusions can strongly affect the 
nonlinear responses of ferroelectrics, but the volume concentrations, frequency of applied 
electrical field also can affect their nonlinear behaviors (Figure.1.1). It is necessary to develop a 
theoretical model to explain these characteristics of ferroelectric materials, which serves as the 
first focus of this research. The study of these issues will be associated with the common theory 
of micromechanics. The micromechanics theory has been a very powerful method to study 
effective elastic properties and responses of composites. The most important foundation of 
micromechanics was written by Eshelby in 1957 [2]. After then on, many micromechanics studies 
based on Eshelby’s theory have been extended to analyze elastic problems of composite materials. 
As the research developed and progressed along this way, the micromechanics has been found that 
it is not only limited in study mechanical response, but also available to be applied to analyze 
thermal, dielectric, piezoelectric, piezomagnetic, and the coupling behaviors among these physical 
properties and behaviors. In addition, the micromechanics theory has also been extended from 
single materials to composites with multiple phases. Therefore, the micromechanics theory is the 
key point in this study, and the two-level irreversible thermodynamic principle-based model is one 
of the most convenient one to be applied here.  The concept of a two-level micromechanics 
approach for active composites was originally proposed by Li and Weng [3] to study the 
thermomechanical coupling behavior of composites. This concept is extended here in order to 
evaluate the domain switch to study the nonlinear electro-mechanical behaviors. The first level is 
at the ferroelectric inclusions level, at which, under external electric loading, domain switch may 
occur. The second level is on a global scale, it consists of piezoelectric inclusions and the polymer 
matrix. The basic information of non-frequency dependent micromechanics model has been 
studied by Li and Wend [12] and will be recaptured here briefly. Then, the frequency-dependent 
   3 
 
model will be established in this thesis and presented in detail, and we also demonstrated how 
nonlinear behaviors of ferroelectric affected by volume fraction and the shape of inclusions.   
 
 
FIG 1. 1 P-E hysteresis loops of BMT-134. Electric displacement vs electric field of BaMn3Ti4O14.25 at 5, 
50, 500 and 5000Hz, respectively. [4] Appl. Phys. Lett. 107, 032904 (2015). 
 
 
The second part of this thesis focuses on multiferroic composites. This kind of composites are 
usually referring to materials consisting of at least two of the three types of materials, which are 
ferroelectricity, ferromagnetism and ferro-elasticity. We first cover the linear coupling effective 
physical properties of piezoelectric-piezomagnetic composites, and then present the nonlinear 
behaviors of 2-2 multilayered composites with the configurations of 
ferromagnetic/piezoelectric/ferromagnetic layers. There are several typical materials can be used 
as piezoelectric phase such as barium titanate (BaTiO3), lead zirconium titanate (PZT). They have 
electro-mechanical coupling behaviors under external mechanical and/or electric field loading. In 
the similar concept, a piezomagnetic phase has the magneto-mechanical coupling behaviors under 
external mechanical and/or magnetic field loading, and typical materials as ferromagnetic phase 
are cobalt ferrite (NFO), Terfenol-D. Since the multiferroic composites shows the electro-
   4 
 
magneto-elastic coupling effect, there is an intriguing new magnetoelectric coupling coefficient 
will be generated, which is absent in either ferromagnetic or ferroelectric composites. In another 
word, if the multiferroic composites under electric field, the magnetization will be induced. Vice 
versa, electric polarization can be generated by applying external magnetic field. Mathematically, 
magnetoelectric coupling coefficient can be denoted as the tensor 𝛼. Since the microstructure of 
composites are transversely isotropic. Assuming 3-direction is the axial symmetric direction and 
1-2 plane is isotropic, so there are two coefficients 𝛼!!  (𝛼!! = 𝛼%%) and 𝛼"" will be generated 
whether the composites under electric or magnetic fields. Figure 1.2 illustrates that the axial 
magnetization B and electric polarization D induced by applied electric field E or magnetic field 
H. According to Dong’s work [49], when H is applied along the longitudinal axis of the laminate 
(Fig. 1.2), both longitudinal and transverse piezomagnetic modes will be excited. However, the 
longitudinal magneto-strictive strain of piezomagnetic plate is 8 times greater than that of the 
transverse strain, so the transverse mode can be neglected. When H is applied along the thickness 
direction of the laminate, again both longitudinal and transverse piezomagnetic modes will be 
excited. The longitudinal direction of vibration mode will be intensified, and the transverse 
direction of vibration mode will be neglected again. When the magneto-strictive plates are strained 
under H, an electric field E is induced across the thickness of the plate. This coupling response due 
to magnetic/electric field to induce electric/magnetic field is called as magnetoelectric effect. In 
summary, if the applied field H/E is perpendicular to the induced E/H, the magnetoelectric 
laminate is designated to be longitudinal-transverse (LT) mode. When both applied field and 
induced filed are parallel to each other across the thickness direction, the magnetoelectric laminate 
is designated to be transverse-transverse (TT) mode. 
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FIG 1. 2 Magnetoelectric coupling behaviors of multiferroic composites along 1and 3 directions. 
 
Due to such a special coupling feature among the mechanical, magnetic and electric properties, 
which makes them highly attractive for applications in sensors, actuators, transducers and so on. 
Van suchtelen [5] is the first one proposed that the coupling effect between the magnetic and 
electric is through the mechanical interactions. The concept also can be demonstrated as an induced 
magnetization upon an external applied electric field through magneto-strictive effect or an 
induced polarization upon an external applied magnetic field through electromechanical effect. 
Therefore, the magnetoelectric coefficients are strongly depending on many factors such as 
physical properties, volume fractions and inclusion shape. The most common shapes of the 
composites are fibrous, multilayered and ellipsoidal. Again the different shapes and the volume 
concentrations of multiferroic composites are analyzed by using micromechanics approaches. 
Mori-Tanaka Method and Eshelby’s S-tensor are two necessary fundamental theories for studying 
the linear piezoelectric-piezomagnetic coupling behaviors. Then, we present how the two-level 
model introduced in the first part is applied to evaluate the nonlinear magnetoelectric effects of 
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1.2 Dissertation Structure 
 
 




Chapter 1 presents the general introduction of ferroelectric and multiferroic composites; gives 
structure of the dissertation. 
Chapter 2 demonstrates the literature review, and several important fundamental theories have 
been used in this thesis. 
Chapter 3 and 4 focus on investigation on nonlinear electromechanical coupling behaviors with 
frequency, volume concentration and aspect-ratio dependence of piezocomposites. 
Chapter 5 introduces the linear magnetoelectric effects of ferromagnetic/ferroelectric 
multiferroic composites. 
Chapter 6 describes the nonlinear magnetoelectric effects of ferromagnetic/ferroelectric 
composites. 


























2.1 Ferroelectric Materials  
 
 
Ferroelectric materials have been widely investigated over the years due to their unique 
mechanical and electrical coupling behaviors and their applications in smart structures and devices 
such as transducers, sensors, actuators, micro-electrical-mechanical systems, energy storage and 
memory devices, and among the others [6-10]. Based on our recent discovery of a new complex 
ceramic BaMn3Ti4O14.25 (BMT-134) nanocrystal [11,4], we found that this new type of materials 
can possess both ferroelectric and ferromagnetic properties at certain range of temperature. It has 
high potential to be tuned into functional multiferroic magnetoelectric materials. At room 
temperature, BMT-134 also exhibits strong frequency-dependent ferroelectric behaviors [4]. In 
this paper we focus on the later one to develop a theory to study the frequency effects on the 
ferroelectric hysteresis loops of the system. 
The cause of the hysteresis in ferroelectrics is mainly due to domain switch [3,12-21]. Many 
researchers have devoted to study the nonlinear hysteresis loops of ferroelectrics by considering 
the domain switch. In the literature, Hwang and Lynch et al [22], Chen and Lynch [23] considered 
the effect on the constitutive behavior of the crystal by mobility of domain walls, and a Preisach 
hysteresis model was developed to study the ferroelectric switching behavior of ceramics. Later 
on, Chen et al [24] used micromechanics approach to study the domain-switch behaviors by 
considering intergranular interactions. Huo and Jiang proposed that domain switch is characterized 
by their mass fractions, and the driving force is different in Gibb’s energies [25]. Furthermore, 
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Kim and Jiang developed a continuum model by corresponding domain switch to study 
microcracking effect of polycrystalline ferroelectric materials [26]. Among the others, Li and 
Weng [3,12] developed a micromechanics-based theory by incorporating the irreversible thermo-
dynamics and physics of domain switch to investigate the effective nonlinear electro-mechanical 
coupling hysteresis loops of ferroelectrics. In parallel, a phase-field based model [21, 27] has also 
been applied to study the domain switch structures of ferroelectrics. Recently, a domain-switching 
model was also used to study poling-history dependent effect of ferroelectric ceramics by an 
electric loading test [28]. In addition, a three-dimensional nonlinear finite element formulation was 
developed in a ferroelectric single domain to study polarization distribution of ferroelectric crystals 
[29]. These models did not consider the loading frequency influence on the hysteresis behaviors 
of ferroelectrics. For frequency-dependent behaviors of ferroelectrics, less works can be found in 
the literature. In our recent experimental investigations [4] on BMT-134 ferroelectric ceramics, 
both coercive field and remanent polarization are frequency dependent. Jin and Su also conducted 
the experimental investigations on frequency-dependent hysteresis behaviors of PZT [30]. In 
modelling, Damjanovic reported that ferroelectric systems depend on the logarithm of the 
frequency of the field due to domain-wall motions [31]. Another known model of studying the 
frequency dependency on polarization and coercive field is called Kolmogorov-Avrami-Ishibashi 
(KAI) model [32]. In this model it also indicates that the kinetic of remanent electric polarization 
of ferroelectrics under an electric field is based on domain growth. The effective coercive electric 
field varies with frequency also reported by Sivasubramanian [33]. Recently, there are increasing 
investigations on the frequency dependent ferroelectric properties, and they indicated that the 
remanent polarization decreases and the coercive field increases as the frequency increases [34]; 
the frequency effect has also been studied by using the phase-field model either [35,36]. However, 
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frequency-dependent ferroelectric behaviors are still barely understood. In the following chapter 
3, we extend the micromechanics-based theory by considering the frequency effects under the 
applied electric field.   
 
 
2.2 Multiferroic Composites  
 
 
Multiferroic composite materials have many potential applications due to their intriguing 
coupling features among the mechanical, magnetic and electric properties. One of the most 
important features of a multiferroic composite is its magnetoelectric (ME) coupling effect, which 
is absent in either ferromagnetic phase or ferroelectric phase alone. Such a ME coupling effect was 
first reported by van Suchtelen in 1972 [5]. Due to this unique product magnetoelectric coupling 
feature, multiferroic composites have attracted more and more researchers to investigate their 
potential applications on sensors, actuators, memory devices and so on [37-40]. In general, a 
multiferroic composite can be constructed in a two-phase system, which consists of a ferroelectric 
phase (such as lead zirconium titanite (PZT)) and a ferromagnetic phase (such as cobalt ferrite 
CoFe2O4, or Terfenol-D) [41,42]. The magnetoelectric coupling coefficient 𝛼  can induce the 
magnetization by applying electric field, or the electric polarization by applying magnetic field. 
ME coupling effect has also been discovered in nature material system at the room temperature by 
Hill and Kimura [43-44]. It is well known that the coupling effect between the magnetic and 
electric is through the mechanical interaction reported by van Suchtelen [5], which can be 
demonstrated as an induced magnetization upon an external applied electric field through 
magneto-strictive effect or an induced polarization upon an external applied magnetic field through 
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. Based on this concept, extensive studies on ME 
composites have been carried out both theoretically and experimentally [45-49], and various ME 
composites are discovered in several different systems based on the concept of phase connectivity 
proposed by Newnham et al [1]. The typical phase connectivity of ME composites is 0-3-type 
particulate composite, 2-2-type laminar composites and 1-3-type fiber composites, which means 
the connectivity can be ranging from 0 (no connection) to 3 (all direction of the connection) in the 
two-phase system. Among these ME composites systems, the 2-2-type laminates composites and 
1-3-type fiber composites have been shown with stronger magnetoelectric coupling effect because 
of low resistivity for ferromagnetic phase [50]. Particularly, the maximum magnetoelectric 
coupling coefficient 𝛼 in 2-2-type laminate composites can reach hundreds 67
(6
Oe at the room 
temperature [51]. From this situation, it is obvious that ME coupling effect is highly depending on 
phase properties, the shape of composites, phase connectivity and volume concentration of 
inclusion particularly. In order to address these issues, a few models, such as Green’s function 
approach was developed by Benveniste [47] and Nan [46,52], which explicitly demonstrate how 
crystalline structures affect the magnetoelectric coupling coefficient 𝛼 of the composites. Later on, 
several micromechanics-based approaches [53-56] were developed to predict the magnetoelectric 
coupling coefficient 𝛼 in multiferroic composites. Among the others, Weng’s model [57,58] built 
upon the Mori-Tanaka method [59] has provided the efficient way to predict aspect-ratio 
dependence of magnetoelectric coupling coefficient 𝛼 in two-phase multiferroic composites [45]. 
The common ground for these models is that they are highly associate with Eshelby’s S-tensor [2]. 
Therefore, the study of S-tensor involving mechanical, electric and magnetic effects is one of the 
key issues in applying micromechanics to multiferroic composites. In 1990s, the explicit 
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components for S-tensor of 1-3-type fiber composites and 2-2-type laminate composites have been 
given [45, 60-62], which pave the way to obtain analytical solutions. For other types of composites, 
the solution can only be carried out numerically. The above-mentioned studies were all concerned 
with linear coupling between piezoelectric and piezomagnetic phases. Later on, several studies on 
nonlinear coupling between linear piezoelectric phase and nonlinear ferromagnetic phase of 
laminate composites were carried out [63,64], but these models did not consider the impact of 
volume concentration of inclusion, neither consider some important coupling effective moduli 





2.3 Eshelby S-tensor 
 
 
The term of Eshelby’s inclusion usually refers to a set of problems incorporating with 
ellipsoidal elastic inclusions in an infinite elastic body. In order to solve these problems, Eshelby 
published the most crucial paper in 1957, which is “The Determination of the Elastic Field of an 
Ellipsoidal Inclusion, and Related Problems” [2]. In this paper, Eshelby considered the situation 
that the inclusions shape and size are restricted to change by the surrounding materials. Along this 
way, the inclusions and the surrounding materials are under a stressed state. He thought the stress 
and strain fields inside of the inclusions are uniform, so that the transformation strain can be 
regardless. Therefore, the solution to the induced strain field 𝜀 inside an ellipsoidal inclusion under 
a uniform eigenstrain 𝜀∗ can be expressed as: 
𝜀9: = 𝑆9:;<𝜀9:∗ (2.1) 
Where the fourth rank tensor 𝑆9:;< is the Eshelby S-tensor. This analytical solution is useful to 
study of inhomogeneous coupling problems, so that a more accurate estimation of the effective 
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properties of composite materials becomes achievable. the Eshelby S-tensor is strongly depending 
on the inclusion’s physical properties and their shape. Since the S-tensor components of the 
inclusion with various shape are constant, so that the induced strain field 𝜀9: is uniform either. In 
order to simplify how the shape of inclusions affect S-tensor, the aspect ratio (length-to-dimeter 
ratio) 𝛼 can be characterized to solve the influence from shape of inclusions. For example, the 
shape of long fiber, spherical and thin disk can be treated as the cases of general ellipsoids with 𝛼 
as ∞,1 and 0. The Eshelby S-tensor has been used to solve elastic coupling behavior successfully. 
Later on, it also has been proved that Eshelby S-tensor is available for magnetic and electric fields 
either. For example, for the materials including electric properties, the induced depolarizing field 
of a uniformly polarized material is proportional to the polarization by depolarizing factor. In the 
same concept, there also has a relation to describe the relation between demagnetizing and 
magnetization. Therefore, the S-tensor is not only can be applied to solve elastic behaviors but also 
can be applied to the coupling issues such as electro-mechanical, magneto-mechanical and electro-
magneto-mechanical problems. The analytical solutions of S-tensor of isotropic materials are 
available. However, this thesis focus on the study of anisotropic ferroelectric and multiferroic 
materials, so the S-tensor is still a very important step involving.  Based on the great contributions 
by Dunn and Taya [65], Li and Dunn [54] and Mikata [62] in the field of S-tensor, the 
determination of the S-tensor for electro-magneto-mechanical multiferroic composites is given in 
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2.4 Mori-Tanaka Method 
 
 
Since composite materials are widely used in many fields of engineering to replace traditional 
structural materials such as metals due to their high physical properties. Many researchers dedicate 
to predict mechanical properties of composites accurately. Under this condition, many 
mathematical models are proposed to instead of phenomenological methods. Among of these 
proposed approaches, a micromechanical approach to obtain these physical properties offers a 
much more economical and effective way, because the approach only bases on the material 
properties of different phases without considering experimental data of composites. Along this 
way, Mori-Tanaka have proposed a rational approach to calculate the average stress induced by 
transformed homogeneous inclusions of the matrix in a composite in 1973 [59]. Later in 1987, 
based on the concept of average stress and strain and Eshelby S-tensor, Benveniste [66] has built 
the formulation by making use of the equivalent inclusion concept to predict the mechanical 
properties of a composite. As a parallel, Weng also proposed the formulation of Mori-Tanaka 
method to estimate the effective properties of composites in 1984 [57]. Since researchers have 
found that M-T method can predict physical properties of composites accurately, the Eshelby-
Mori-Tanaka method has become very popular in the field of composites. Moreover, a lot of work 
has been done to study mechanical behaviors of composites with different shape of inclusions, 
such as fibers, thin film and ellipsoid with various aspect ratios [67,68]. Later the M-T method has 
also been extended to study multiferroic composites with multiple phases [46]. In general, for a 
typical matrix-inclusion type of composites, the average strain in inclusion phase r is related to the 
average strain in the matrix by strain concentration tensor 𝐴', 
𝐴' = [𝐼 + 𝑆'𝐿=>!(𝐿' − 𝐿=)]>! (2.2) 
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In the equation (2.2), 𝑆' is the S-tensor, 𝐿' is the stiffness tensor of phase r and 𝐿= is the stiffness 
tensor of the matrix. Where I is the fourth rank identity tensor. With the strain concentration tensor 
𝐴', the effective stiffness tensor can be expressed as: 




In the equation (2.3), c represents as the volume concentration, subscript 0 denotes the matrix 
phase, and subscript r denotes inclusion phase. M-T method estimates effective physical properties 
of composites mainly through the strain concentration tensor, so it is necessary to obtain the 
Eshelby S-tensor in order to apply M-T method with various volume concentration of inclusions. 
Even though the S-tensor is usually not symmetric, but its product with the inverse of stiffness 
tensor SL is symmetric. The mechanical stiffness correlates mechanical stress 𝜎 and strain 𝜀. If the 
M-T method are applied to multiferroic composites along this way, the piezoelectric permittivity 
and piezomagnetic permeability constants also can establish the relations between electric field E 
with polarization D, and magnetic field H with magnetic flux density B, respectively. Therefore, 
for each kind of moduli tensor of multiferroic composites, its effective properties can be evaluated 
by M-T method. In summary, M-T method is capable of delivering the effective property of 
composite materials, and the result of M-T method is explicit and linear. The only thing we need 
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2.5 Frequency Independent Micromechanics-Based Approach 
 
 
Before studying the frequency-dependent nonlinear electromechanical behavior of 
ferroelectric materials, it is necessary to understand micromechanics-based approach for 
ferroelectrics. A micromechanics-based model incorporating with eigen polarization and eigen 
strain to estimate the evolution of new domain growth and related nonlinear ferroelectric and ferro-
elastic responses based on the mechanics of domain switch and irreversible thermodynamics. 
According to Li and Weng’s previous work [12], the nonlinear hysteresis loop mainly due to 
domain switch, and the switched domain also possesses an eigen strain 𝜀@) and eigen polarization 
𝐷@). For the unit cell as sketched in figure 2.1, there are four types of electric polarization and two 




FIG 2. 1 Reorientation of the domain under a compressive stress or a perpendicular electric field. [12] 
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[𝐷@)]! = (𝑃), 0, −𝑃)),				[𝐷@)]% = (−𝑃), 0, −𝑃))





[𝜀@)]!.% = [(𝑐 − 𝑎) 𝑎⁄ , 0, −(𝑐 − 𝑎) 𝑎, 0, 0, 0⁄ ]




In these expressions, c and a represent width and length of unit cell, respectively. While the precise 
expressions of the eigen fields depend on the nature of the switch and the state that is chosen as 
the reference, this sort of quantity may be generally termed as eigen polarization and eigen strain 
for domain switch (𝐷@), 𝜀@)). During domain switch the ferroelectric ceramic at a generic state 
consists of the parent domain and the newly switched domains; it is a heterogeneous. Each new 
domain still has the same electromechanical properties as the parent domain along their respective 
poling axis. In this case, the heterogeneous system can be treated as 2-component medium. Where 
the parent domain will be referred to as phase 0, and the new domain as phase 1, with a volume 
concentration 𝑐! (𝑐= + 𝑐! = 1). In the external axes the constitutive relations of the new domain 
can be written as: 
𝜀 = 𝑠𝜎 + 𝑑B𝐸 + 𝜀@)
𝐷 = 𝑑𝜎 + 𝜅𝐸 + 𝐷@)
(2.6) 
 
The inverse of the linear relations that are needed for the establishment of Gibbs’ free energy can 
be put into: 
𝜎 = 𝑐𝜀 − ℎB𝐷 + 𝜎@)
𝐸 = −ℎ𝜀 + 𝛽𝐷 + 𝐸@)
(2.7) 
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For the new domain, with the electromechanical moduli grossly represented by L1. The moduli are 











In order to evaluate domain switch new domain concentration 𝑐! , Gibbs’ free energy and 
irreversible thermodynamics principle play very important role. Li and Weng [12] presents that 
the change in Gibbs’ free energy can be expressed as the orientation change of parent to the product 
domain for a given crystal structure, and it can be written in mathematical way as: 
 
∆𝐺 = 𝐺 − 𝐺= (2.9) 
 
Where G is Gibbs’ free energy with a new domain 𝑐! for a two-phase system; G0 is the Gibbs’ free 
energy without domain switch. since the ∆𝐺 obtained, the conjugate thermodynamic driving force 
can be evaluated from the expression − D∆F
D(!
. Furthermore, if a new domain grow, it has to 
overcome the resistance due to the creation of the domain wall and the pinning by defects or 
inclusions, so it can be written as − D∆F
D(!
= 𝑓'G) , where  𝑓'G)  is resistance force. Based on this 



















Piezocomposites are generally referring to a two-phase composite consisting of two phases. 
The most common structure among them is piezoelectric material as piezoelectric phase and resin 
as a polymer phase. The piezoelectric phase such as barium titanate (BTO), lead zirconium 
(titanate) PZT, and the micro-structure of them are generally transversely isotropic. Since 
Newnham el al. [1] proposed the classification of piezoelectric composites, the 1-3 
piezocomposites with aligned piezoelectric fibers embedded in a polymer matrix performed as one 
of the most widely used in configurations [69,70]. In such composites, strong coupling effects 
among the elastic, piezoelectric and dielectric of the constituent phases. Due to their particular 
mechanical and electrical coupling effective properties, piezocomposites have been investigated 
and available applied in the field of smart structures and devices such as transducers, sensors, 
actuators, and memory devices [7,9,71-73]. These potential applications and unique coupling 
electromechanical behaviors are motivating us to undertake the study of piezocomposites. Since 
early 1990s, the study on linear electromechanical coupling behaviors already drove by Benveniste 
[74,75] and Chen [76], they proposed the micromechanics approach in order to determine the 
elastic and electric fields in a piezoelectric inhomogeneity. Dunn [61,77] also derived a 
micromechanics model to estimate the exact relations between the effective electro-elastic moduli 
of two-phase heterogeneous composites. Separately, Kar-Gupta and Venkatesh [78] developed a 
numerical model based on finite element method to characterize the effects of 1-3 fibrous 
piezoelectric composites under electric and stress loading conditions. Later on, the Eshelby’s S-
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tensor [2], which acts as the key point on solving two-phase piezocomposites attracted many 
researchers to study it further. Dunn and Wienecke [79] derived Eshelby’s S-tensor to analysis 
electro-elastic problems of transversely isotropic piezoelectric solids. Mikata [62] gave the explicit 
solutions of S-tensor on 1-3 fibrous and 2-2 multilayers piezocomposites already. Li [80], Huang 
and Yu [81] also determined the transversely isotropic piezoelectric Eshelby’s S-tensor. In addition, 
volume fraction of piezoelectric inclusion also plays an important role in defining the piezoelectric 
response [69]. Odegard [82] proposed a new modeling approach based on Mori-Tanaka and Self-
consistent methods to analysis the over ranges of piezoelectric inclusions volume fractions. All of 
these studies did not jump out of the field of linear analysis on piezoelectric composites. However, 
many studies have been applied to analysis the nonlinear response of the piezocomposites by 
incorporating with the theory of domain switch. The cause of nonlinear electromechanical 
behaviors of ferroelectric composites is mainly due to domain switch [3,12-13,18], so many 
researchers devoted to study the evolution of domain switch. Ferroelectric crystals show a 
spontaneous polarization due to phase transition [83], and a region with the corresponding 
polarization is called a domain [84]. Ren [85] proposed a principle to study a reversible domain 
switching that are possible to produce a large electric-field induced shape change. Chen et al [24] 
investigated a model on the basis of domain switching and the evolution of microstructures to 
simulate the nonlinear behavior of polycrystalline ferroelectrics. Wang et al [86] simulated 
polarization switching in a ferroelectric by using phase-field model. The model is more convenient 
to understand the effect of grain orientation distribution on domain switch [87] of ferroelectrics. 
In more recent year, phase-field based model has also been further study to characterize the 
structure of ferroelectric phase boundaries [88]. Among the others, Li and Weng [3,12] developed 
a continuum model by incorporating with irreversible thermo-dynamics and domain switch to 
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investigate the dielectric hysteresis of ferroelectrics. Furthermore, the domain switch also has been 
studied by non-local phase-field model [89]. In the study of heterogeneous ferroelectric composites, 
the estimation of their effective nonlinear electromechanical responses is also affecting by their 
volume fractions, shape, external applied fields and orientations. In the literatures, Zhao and Li 
[19] conducted experiments and theoretical studies on the 1-3 fibrous composites under electric 
field loading with various angles toward the fiber direction. With regard to the influence on the 
nonlinear electromechanical behaviors of ferroelectrics that comes from external loading 
frequency, some limited number of experimental and theoretical studies have been developed. One 
known model that named as KAI (Kolmogorov-Avrami-Ishibashi) model [32] indicated the 
remanent polarization of ferroelectrics under an electric field is strongly depending on the domain 
growth. For the further study, Hu and Li [90] developed a micromechanics approach by 
incorporating with the KAI model can predict hysteresis loops for ferroelectrics successfully. 
Separately, models for study domain switch patterns under combined electro-mechanical loading 
have also been investigated [91]. In the most recent years, Jayendiran and Arockiarajan [92] 
proposed a thermodynamic based rate dependent domain switching criteria to predict the 
ferroelectric and ferro-elastic behaviors of homogenized 1-3 piezocomposites. 
However, frequency-dependent ferroelectric behaviors are still barely understood. Here we 
extend the micro- mechanics-based theory by considering the frequency effects under the applied 
electric field. In order to consider the frequency influence, we need to find the key controlling 
factors which rise the overall responses of frequency-dependent hysteresis loops of ferro- electrics. 
From the experimental observations [4] on BMT-134 ferroelectric ceramic, both remanent 
polarization and coercive field are changing when the applied electric field loading frequencies are 
different, but the dielectric constant remains relatively unchanged within the considered range of 
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frequency (5–5000Hz). In the original micromechanics model both remanent polarization and 
coercive field are considered as constants. To be able to extend the existing micromechanics theory, 
we first need to establish the relations between these properties and the frequency. Once such a 
relationship can be obtained, the micromechanics-based model is ready to be applied to study the 
hysteresis loops of ferroelectrics. The chapter 3 is organized as follows: section 3.2 focuses on the 
development of theory. The verification of the developed model is given in section 3.3. The 
application of the model to a new material system BMT-134 is in section 3.4, and the comparisons 
between the theoretical calculations and the experimental data are also given in section 3.4. Then 







Before we can incorporate the frequency into the micromechanics theory, a brief review of 
non-frequency dependent model originally proposed by Li & Weng [3,12] is given. As indicated 
in their works, nonlinear ferroelectric hysteresis loops under external loading are mainly due to 
domain switches. Figure. 3.1 is a schematic diagram of hysteresis loop of a crystal under an applied 
electric field. With an increase of the applied electric field, the polarizations will start to align to 
each other toward the loading direction until it reaches the saturation state at point A. From zero 
origin to point A is called poling process.  When we unload the applied field, domain switching 
commences, and the electric displacement D reduces to remanent polarization 𝑃'  upon the 
complete removal of the electric field. To be able to reduce the electric displacement back to zero, 
a reverse electric field needs to be applied, and zero polarization is achieved at the negative 
coercive field 𝐸(. With further increase strength of the field, the displacement finally arrives at the 
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reverse saturation state of point B. At this stage the polarization again is aligned to the direction 
of the applied field which is opposite of the point A. To complete the hysteresis loop from B back 
to A, the applied field needs to be removed and reapplied to the other opposite direction.  Figure. 
3.1. also illustrates that the tangent at point A crosses to the D-axis gives saturation polarization 
𝑃). Both of remanent polarization and coercive field are two important properties of a ferroelectric 
which may be different at varies frequencies of the applied electric field. At a given frequency, the 
nonlinear hysteresis loops of a ferroelectric material can be modelled by existing micromechanics 
approach base on the mechanics of domain switch and irreversible thermodynamics [3,12]. 
In this micromechanics theory, due to domain switch, the system can be treated as a two-phase 
composite with the parent domain phase (i.e. at the point A) and the switched phase (at the point 
B). From point A to point B in Figure 3.1. The domain has switched 180o. To obtain the nonlinear 
hysteresis loops of the system, the key issue here is to capture the evolution of the new domains 
which can be obtained through the irreversible thermodynamics principle. Once the growth of the 
new domains is captured, a homogenization scheme based on Eshelby’s [13] inclusions theory can 
be adopted, and the effective properties of the two-domain system can be solved through each 
domain properties and the growth of new domains. The following subsections are arranged as 
follows: From sections 3.2.1-3.2.3, the micromechanics approach without consideration of the 
frequency is presented; then the frequency influence will be introduced in subsection 3.2.4. 
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3.2.1 Constitutive Equations 
 
In general, ferroelectrics possess electrical and mechanical coupling behaviors. They are also 
piezoelectrics. The coupled linear constitutive equations of a piezoelectric can be written in matrix 
notation as follows [13] 
𝜀 = 𝑠𝜎 + 𝑑B𝐸
𝐷 = 𝑑𝜎 + 𝑘𝐸
(3.1) 
 
where 𝜎 and 𝐸 are applied stress and electric field, while e and D are the strain and the electric 
displacement responses. Also, s, k and d represent elastic compliance, dielectric and piezoelectric 
constant matrices, respectively. The superscript T means the transpose of the matrix. Since most 
piezoelectric materials are transversely isotropic, equation (3.1) then can be further expressed as  
𝑌 = 𝐿𝑋		𝑜𝑟		𝑌9 = 𝐿9:𝑋: ,										𝑖, 𝑗 = 1~9 (3.2) 
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where 
𝑌 = (𝜀!, 𝜀%, 𝜀", 𝜀&, 𝜀$, 𝜀H, 𝐷!, 𝐷%, 𝐷")B










with L is the matrix of electromechanical compliance constants. For a transversely isotropic 
structure with the symmetric axis along the third direction, the overall properties can be written in 















𝑠!! 𝑠!% 𝑠!" 0 0 0 0 0 𝑑"!
𝑠!% 𝑠!! 𝑠!" 0 0 0 0 0 𝑑"!
𝑠!" 𝑠!" 𝑠"" 0 0 0 0 0 𝑑""
0 0 0 𝑠&& 0 0 0 𝑑!$ 0
0 0 0 0 𝑠&& 0 𝑑!$ 0 0
0 0 0 0 0 𝑠HH 0 0 0
0 0 0 0 𝑑!$ 0 𝑘!! 0 0
0 0 0 𝑑!$ 0 0 0 𝑘!! 0
















where L is a 9×9 matrix, which includes elastic compliance matrix (6×6), piezoelectric constant 
matrix d (3×6), and dielectric permittivity matrix k (3×3) with 5 elastic constants, 3 piezoelectric 
and 2 dielectric constants, respectively. The elastic compliance constant 𝑠HH = 2(𝑠!! − 𝑠!%). The 
inversion of equation (3.2) can be obtained as: 
𝑋9 = 𝑀9:𝑌: ,						𝑖, 𝑗 = 1~9. (3.6) 
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Similarly, M is a 9×9 stiffness matrix, with 𝑀 = 𝐿>!. The indices i and j relate to mechanical field 
from the range of 1 to 6, and the electrical field from the range of 7 to 9. The inversed matrix M 











which further gives the constitutive equations similar to equation (3.1) format as 
 
 
𝜎 = 𝑐𝜀 − ℎB𝐷






3.2.2 Evolution of Domain Switch 
 
The nonlinear behavior of ferroelectrics is mainly due to domain switches. Once the domain 
switches can be captured during external loading, the overall nonlinear response of the system can 
be directly calculated using a micromechanics theory (or a homogenization approach) [3,12]. Here 
we treat a ferroelectric as a two-phase composite consisting of the parent domain phase 0 and the 
switched domain phase 1. The volume concentrations of each phase are donated as c0 and c1 with 
𝑐= + 𝑐! = 1. The evolution of domain switch depends on the growth of c1. According to Li and 
Weng’s approach [3,12], c1 can be evaluated through irreversible thermodynamic principle. To do 
so, Gibbs free energy of the system needs to be obtained. Under the external loading of (𝜎\, 𝐸\), 
Gibbs free energy G can be determined in tensor notation as  
 
𝐺l𝜎9: , 𝐸, 𝑐!m =
1
2n 𝜎9:
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where  𝐹\9 = 𝜎\9:𝑛: , 𝜙\ = −𝐸\9𝑥9 , which are the mechanical traction and electrical potential. And 𝜀9:@) 
and 𝐷9@) are the eigen strain and eigen polarization due to domain switch, respectively. Gibbs’ free 
energy then can be simplified by using the divergence theorem and it can be written in matrix form 
as  





𝑑𝑉 − 𝑋\𝑌\B (3.10) 
 
where  𝑌@) = (𝜀@), 𝐷@)) is the eigen field including eigen strain and eigen polarization. Here 𝑋\ 
represents the external applied mechanical stress and electric field, 𝑌\  is the overall response. 
According to eq. (3.10), it can be simplified further in the absence of new domain concentration 













where 𝑌\= = (𝜀,̅ 𝐷v) is the overall electromechanical response without domain switch, and𝑌\= = 𝐿=𝑋\, 
with 𝐿= representing electromechanical constants of the parent domain phase 0. Thermodynamic 























= [𝐵!(𝑐!𝐵! + 𝑐=𝐼)>! − 𝐼]𝑋 + [𝑐!𝐵!(𝑐!𝐵! + 𝑐=𝐼)>! − 𝐼]𝐵!𝑀=(𝐼 − 𝑆)𝑌@)
𝑌∗ = −[𝛥𝑀(𝑐!𝐼 + 𝑐=𝑆) + 𝑀=]>!𝛥𝑀[𝑀=>!𝑋 − 𝑐=(𝐼 − 𝑆)𝑌@)]
𝐵! = [𝐼 + 𝑀=(𝐼 − 𝑆)(𝑀=>! −𝑀!>!)]>!
(3.14) 
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Here S is the piezoelectric Eshelby’s S-tensor. For an ellipsoidal inclusion in a transversely 
isotropic elastic medium, the piezoelectric S-tensor has been provided by Mikata [62].  










𝜎(2𝜀@) + 𝜀∗) + 𝐸(2𝐷@) + 𝐷∗) (3.15) 
 
Since the domain grows as the increasing electric field, the domain wall has to be generated to 
conquer the resistance formed by the new domain or defects. In this situation, a surface energy 
will be generated between parent domain and newly produced domain, and it can be given below: 





where 𝛾) is the interface energy density, and 𝐴! is the area of the total interface. 𝑉! is the total 
volume of the switched domain. The increasing domain concentration will result in the increase of 
energy dissipation, which is considered as a double exponential function [3]. When there is no 
domain switch (𝑐! = 0) the dissipation energy disappears, and it can be written as  
∆𝐺@ = 𝑚(𝑒O"(! + 𝑒>O!(! − 2). (3.17) 
 








+𝑚(𝑏=𝑒O"(! − 𝑏!𝑒>O!(!) (3.18) 
 
During the new domain growth, the resistance force has to be overcome by the conjugate 




+𝑚(𝑏=𝑒O"(! − 𝑏!𝑒>O!(!) (3.19) 
 
The kinetic equation (3.19) provides the relation between external applied field (𝜎\, 𝐸\) and the new 
domain concentration 𝑐!, which will increase as the increasing applied field. As indicated in figure 
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3.1, the parent domain phase is at point A, which is corresponding to 𝑐! = 0. At this state, no 
interface has been created yet and both 𝐴!and 𝑉! are zero, but  𝛾)𝐴!/𝑉! should be a finite value 
which can be determined by the applied field at the initial point A. By the first order approximation 
of the surface energy, this term represents as a constant throughout the entire loading condition. 
Then the evolution of 𝑐! can be obtained from the kinetic equation (19). The detail information 




3.2.3 The Hysteresis Loop of a Ferroelectric Without Consideration of the Frequency 
 
After considering the evolution of the new domain, the overall electromechanical response of 
a ferroelectric material in tensor notation follows  
𝜀9̅: = 𝑠9:;<𝜎\;< + 𝑑P9:𝐸\P + 𝑐!l𝜀9:@) + 𝜀9:∗ m
𝐷v6 = 𝑑6;<𝜎\;< + 𝑘6P𝐸\P + 𝑐!(𝐷6@) + 𝐷6∗ )
(3.20) 
 
where the elastic, dielectric and piezoelectric compliances are those of the parent domain phase. 
𝜀∗and 𝐷∗ are the eigen strain and eigen polarization due to the heterogeneous nature of the two 
domains. If both parent and switched domains share the same physical properties (𝑀! = 𝑀=),  𝜀∗ 
and 𝐷∗ are vanished. Now, with the calculated volume concentration 𝑐! of the switched domain, 
the overall response of the system is ready to be solved. For instance, under the external applied 
electric field  𝐸", the corresponding electric displacement 
𝐷" = 𝑘""𝐸" + 𝑐!l𝐷"@) + 𝐷"∗m (3.21) 
 
By taking the state of saturation polarization with the maximum applied electric field as reference, 
the pair of  (𝐸\", 𝐷v") is measured from the state of saturation polarization (𝐸\"
Q, 𝐷v"
Q). 
𝐷v" − 𝐷v"Q = 𝑘"" E𝐸\" − 𝐸\"
QG + 𝑐!l𝐷"@) + 𝐷"∗m (3.22) 
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In order to obtain the nonlinear relations between electric field and electric displacement after the 
domain switch involved, the remanent polarization 𝑃'  and coercive field 𝐸(  are two important 
properties. By setting 𝐸\" = 0 for remanent polarization, and 𝐷v" = 0 for coercive field, these two 




3.2.4 Frequency-Dependent Hysteresis Loop of a Ferroelectric 
 
By our recent experimental investigations on ferroelectric behavior of a complex ceramic 
BaMn3Ti4O14.25 [4,11], the hysteresis loops of the system are strongly depending on the frequency 
of the applied field. As shown in [4] figure 3.2, both the remanent polarization and the coercive 
field increase with the frequency, but slopes of the curves at the saturation point or the maximum 
electric field remain the same. These indicate that both the remanent polarization (𝑃')  and the 
coercive field ( 𝐸( ) are frequency dependent properties while the dielectric constant k is 
independent of the frequency at the applied frequency range (0 – 5000Hz). Based upon this 
observation, the KAI model [31] is adopted in this thesis. We assume both the remanent 
polarization (𝑃')  and the coercive field (𝐸() can be described by an exponential function in terms 
of the inverse frequency f, so the KAI model [31] that gives the time dependent change in 






where 𝐹= and n are the magnitude of F at the infinity frequency and the exponential parameter, 
respectively. The function F can be either the remanent polarization 𝑃' or the coercive field 𝐸( 
with the corresponding parameters (𝑃=, 𝑛')	or (𝐸=, 𝑛(). Figure 3.2 (a) and (b) show the variations 
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of 𝑃' and 𝐸( in terms of the frequency respectively. Red dots indicate the experimental data [4] 
and the solid lines are the fitting curves with the fitting parameters of  
𝑃= = 0.043	𝐶/𝑚%, 𝑛' = 38.5; 𝐸= = 0.669𝑀𝑉 𝑚⁄ , 𝑛( 	= 71.55 (3.24) 
 
Once the remnant polarization 𝑃' and the coercive field 𝐸( in terms of the frequency are obtained 
through equation (23), the frequency-dependent hysteresis loop can be generated through the 






FIG 3. 2 Plots of (a) remanent polarization 𝑷𝒓, and (b) coercive field 𝑬𝒄 as a function of the frequency. 
The red dots are from the experimental data [4] and the solid line is the fitting curve using equation (23). 
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3.3 Verification of the Model 
 
The developed micromechanics theory in section 3.2 in general can be applied to study the 
hysteresis loops of any ferroelectric materials under any applied field conditions. To verify the 
model, we first apply the theory to common PZT ferro- electric materials. The comparison between 
the model and the experimental data [93] is shown figure 3.3. All material constants are adopted 
from the [93]. The dash lines are the theoretical calculations while the dots are for the experimental 
data. From figure 3.3, we found that developed model agrees well with the experiments.  
 
 
FIG 3. 3 Comparison between the theoretical calculations and the experimental data [93] for D-E hysteresis 
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3.4 Application to BMT-134 Ferroelectric 
 
 
The developed micromechanics theory in section 3.2 in general can be applied to study the 
hysteresis loops of ferroelectric materials under any applied field conditions. To verify the model, 
we compared our theoretical calculations to the experimental data [4] of a complex ceramic 
BaMn3Ti4O14.25 (BMT-134) material system under an applied electric field at different frequencies 
ranging from 5Hz up to 5000Hz.  
According to the experimental results [4], at a low frequency of 5 Hz, the material shows a 
nonlinear S-shape curve with little hysteresis loop but a clear saturation slope at the high applied 
electric field, which is similar to paraelectric behavior. In this situation, the developed model will 
be simply reduced to the nonlinear S-curve as shown in figure.3.4. The black dots represent the 
experimental data, and the solid line represents the theoretical calculation.   
 
 
FIG 3. 4 Comparison between the theory and the experimental data at a frequency of 5 Hz. 
 
 
On the other hand, at a high frequency of 5000Hz, a linear behavior of D-E relation is observed 
















◆ Experimental Data 5Hz
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is difficult due to the high frequency and the system becomes a simple dielectric and the response 
is linear as indicated in equation (3.21) with c1=0. The solid red line is achieved by equation (3.21) 
with the dielectric constant 𝑘"" = 4500.  
 
FIG 3. 5 The linear dielectric response of BMT-134 at a frequency of 5000Hz. 
 
 
When the frequency is between 5Hz and 5kHz, a clear hysteresis loop of BMT-134 can be 
observed in the experimental investigation. To be able to calculate the overall response of the 
system under different frequencies, first we need to evaluate the evolution of the domain switch c1 
as discussed in section 3.2. In figure 3.6, the evolutions of the volume concentration c1 of the 
switched (new) domain vs the external applied electric field are shown for both frequencies of 
50Hz and 500Hz. As indicated in the schematic diagram shown in figure 3.1, the domain switch 
starts at the point A (c1=0) and reaches the complete switching at point B(c1=1), and then the 
opposite switch begins again until it returns to point A (c1=0) which gives one complete hysteresis 
loop.  In figure 3.6, for frequency of 500Hz (solid line), the points A and B are corresponding the 
same points A and B in figure 3.1.  In this case, the domain switch starts when the electric field 
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direction at the point B with the applied electric field reaches negative direction with the maximum 
value of  2.3MV/m and c1 =1, then reverse back to the point A (c1 =0). For the frequency of 50Hz 
(dashed line in figure 3.6), There is little switch from the point A to the point C (c1 =0), the domain 
switch starts from the point C to the point D (c1 =1) and then the linear dielectric behavior occurs 
from D to B with no further domain switch. Similarly, the reversed domain switch starts at the 
point D until its completion at the point C (c1 =0) and no further domain switch from the point C 








The comparisons between the theoretical results and the experimental data are shown in figure 
3.7. It is obvious that the theoretical results can catch up the essential features of the hysteresis 
behavior both qualitatively and quantitatively. For the frequency of 50 and 500Hz, the remanent 
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and ε = 0.0005 respectively. The constant m related to the dissipation energy are found to be 
linearly dependent of the frequency with 𝑚 = 6.93𝑓 + 326.22; while constants 𝑏= = 2.27	and 
𝑏! = 5.52 are independent of the frequency. 
 
 
FIG 3. 7 Comparison between the theoretical calculations and the experimental data for D-E hysteresis 
loops of BaMn3Ti4O14.25.  
 
 
In figure 3.7 the hysteresis loop for 50Hz frequency can be regarded as two parts. From the 
electric field of 0.88MV/m  to 2.3MV/m  (corresponding to point C – A in figure 3.6), and 
−0.88MV/m to −2.3MV/m (corresponding to point D – B in figure 3.6) both sides show the 
linear behavior of D-E relations which indicates no or little domain switch occurred, so the 
evolution of the new domain c1=0 in these ranges. In the second part, within the range of the 
electric field ±0.88 MV/m, a clear hysteresis loop can be visualized. The starting point of the 
domain switch is at about ±0.88 MV/m which is consistent as indicated in figure 3.6 (point C and 
D). For 500Hz frequency, the domain switch starts at the maximum electric field of 2.3 MV/m 
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reversed switch starts again until it gets back to the maximum electric field which completes the 
hysteresis loop.  
In figure 3.8, we applied the developed theory to calculate the electric displacement vs. the 
applied electric field at other frequencies. It is shown the predicted results at 100Hz, 200Hz, 300Hz, 
and 400Hz and compared with the one at 500Hz. All of them show clear hysteresis loops with 
increasing remenant polarization and coercive field when the frequency increases.  
 
FIG 3. 8 Hysteresis loops of the electric displacement versus the electric field of BMT-134 at the different 







In this chapter, a frequency-dependent theory was established in order to investigate the 
hysteresis loops of ferroelectrics. Particularly, in the study of hysteresis loops of electric 
displacement versus electric field, it can be found that the two important properties of the loop are 
strongly dependent on the loading frequency of the electric field. When the frequency is very low 
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the super-paraelectric behavior of the system. On the other hand, a high-frequency electric field 
tends to generate a linear dielectric response due to the difficulty of the domain switch. For the 
range of electric field frequency from 50Hz to 500Hz, the remanent polarization and coercive field 
are increased with increasing frequency. From the experimental observations both remanent 
polarization and coercive field follow the exponential functions of the frequency. The state of 
saturation starts at the higher electric field under a higher frequency. Furthermore, the evolution 
of the new domain related to the electric displacement versus electric field was studied. Depending 
on the frequency of the applied electric field, the starting point of domain switching will be 
changed.  From the beginning of the domain switching to a higher electric field, a linear dielectric 
behavior is observed, and the new domain concentration is zero. Then since domain switch 
commences, a nonlinear relation was generated until the domain concentration approached to 1. 
The theory based on irreversible thermodynamic principle and micromechanics is successfully 
extended by incorporating the frequency of electric field to study the hysteresis behaviors of 
ferroelectrics. Comparing the theoretical results with the experimental data, the reasonable 
agreement was achieved. In addition, the theory also can be applied to predict results for the 
frequency 100Hz-400Hz without experimental data, and the trends of these hysteresis loops are 






















While the significant progress has been made in the study of ferroelectrics, but some particular 
works still need to be considered. For example, few works covered the impact on shape 
dependence of nonlinear electromechanical responses of ferroelectrics. In this chapter, the 
micromechanics approach is extending developed to understand the frequency dependent, volume 
fraction dependent and the shape dependent electromechanical response of piezocomposites. 
Hence, the two-level micromechanics model based on irreversible thermodynamics is essential. 
the evolution of domain switch of piezoelectric materials is studied on the first level of the model; 
then the extending study [45] of Mori Tanaka method has been proposed to evaluate the effective 
material properties of piezocomposites. In the following, the new developed two-level 
micromechanics model incorporating with KAI model so as to establish the relations between 
loading rate and spontaneous polarization. Three different configurations are modeled to analyze 
the frequency dependence, volume fraction dependence and shape dependence of piezocomposites. 
The outline of the chapter 4 is as follows: section 4.2 describes the developed two-level 
micromechanics theory. Section 4.3 focus on the verification of the model. In this section, the 
comparison between experimental results and theoretical results are given. Finally, the discussion 









In the chapter 4, we are not only focusing on the 1-3 type of ferroelectric composites, but also 
the 2-2 type and 0-3 type of composites. Before we take account of the effect of frequency into 
nonlinear electromechanical behaviors of ferroelectric composites, the two-level non-frequency 
dependent micromechanics approach which originally proposed by Lu and Weng [94] is given. 
Due to their work, the micromechanics approach can be considered as including two different 
levels. The first level is the ferroelectric fiber inclusions level. Under an external applied field, the 
domain switch involves in nonlinear electromechanical behaviors of ferroelectric fiber inclusion. 
Therefore, the phase of each fiber can be treated as two-phase composite which consist of parent 
domain phase (phase 0) and switched domain phase (phase 1). As indicated in Li and Weng’s work 
[3,12], nonlinear ferroelectric behaviors under an external loading are mainly due to domain switch. 
In this situation, the non-frequency dependent model developed by Li and Weng [12] can be 
applied to study the nonlinear coupling electromechanical behaviors of piezoelectric fiber 
inclusions. At the second level, the two-level non frequency dependent micromechanics approach 
can be applied to study the overall ferroelectric composites including piezoelectric material as 
inclusion and epoxy as matrix. In addition, in order to calculate the physical properties of the 
overall composite system, the Mori-Tanaka method is the most convenient one to be applied, and 
the approach has been further discussed by Wend and Benveniste [45,57,66]. The physical 
properties of the composite system are highly depending on the volume concentration of 
piezoelectric fiber inclusions. After then, the KAI model [32] is adopted into micromechanics 
approach to study the frequency influence in this chapter. In the section of results, the frequency-
dependent micromechanics model has been used to predict electromechanical behaviors with 
different type of inclusions. Furthermore, the results of frequency-dependent ferroelectric and 
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ferro-elastic response of 1-3 type of ferroelectric composite will be compared with experimental 
data done by Jayendiran and Arockiarajan [95]. Then the volume concentration dependent 
nonlinear electromechanical coupling behaviors is also being studied and will be compared with 
the experimental data either.  
 
 
4.2.1 First Level Piezoelectric Fiber Inclusions Level 
 
 
At a constant frequency, the nonlinear ferroelectric and ferro-elastic behaviors can be modelled 
by the micromechanics approach based on domain switch and irreversible thermodynamics. 
The nonlinear electromechanical coupling behaviors are mainly due to domain switches. After 
domain switching commences, the ferroelectric composite can be regarded as two-phase 
composite with the parent domain phase (phase 0) and the switched domain phase (phase 1).  In 
order to get the nonlinear electromechanical coupling behaviors, the main part for the 
micromechanics approach is to capture the evolution of domain growth. The initial works of the 
model can be traced back to the works done by Li and Weng [3,12], and also Hu and Li [90] 
extended the approach to study the frequency-dependent hysteresis loops of ferroelectric materials. 
In this section, the micromechanics approach will be adopted to study the nonlinear 
electromechanical behaviors of ferroelectric inclusions first, and next section will demonstrate the 
second level micromechanics model for the overall ferroelectric composites.  
 
 
4.2.1.1 Constitutive Equations 
 
 
The individual ferroelectric phase includes mechanical and electrical coupling behaviors, and 
it has 6 physical quantities. All of these quantities are satisfied with the divergence-free 
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conditions which can be derived from the gradients of displacement 𝑢9, electric potentials ∅, 
respectively as following equation (4.1) and equation (4.2). 





l𝑢9,: + 𝑢:,9m,						𝐸9 = −𝜙,9 (4.2)		 
 
In this situation, the coupled linear constitutive equations of a piezoelectric can be written in matrix 
notation as [13] 
𝜀 = 𝑠𝜎 + 𝑑B𝐸
𝐷 = 𝑑𝜎 + 𝑘𝐸
(4.3) 
 
Where 𝜎 and 𝐸 are external applied stress and electric field. 𝜀 and 𝐷 are the strain and the electric 
displacement responses. 𝑠  and 𝑘  are representing elastic compliance (measured at a constant 
electric field) and electric permittivity tensors (measured at a constant stress), respectively. 𝑑 is 
the piezoelectric constant tensor, and the superscript T stands for the transpose. Since the crystal 
structures of piezoelectric materials are transversely isotropic, the constitutive equations (4.3) can 
be further written in a unified notation in matrix form as: 
 




𝑌 = [𝜀, 𝐷]B = [𝜀!, 𝜀%, 𝜀", 𝜀&, 𝜀$, 𝜀H, 𝐷!, 𝐷%, 𝐷"]B









Both X and Y are 9-dimensional vectors, and L is a 9 x 9 matrix, which includes elastic compliance 
s 6 x 6, d as 3 x 6 and k as 3 x 3 matrix. The matrix L is an electromechanical compliance matrix. 
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The physical properties of PZT inclusions with crystal structures as transversely isotropic, it 
















𝑠!! 𝑠!% 𝑠!" 0 0 0 0 0 𝑑"!
𝑠!% 𝑠!! 𝑠!" 0 0 0 0 0 𝑑"!
𝑠!" 𝑠!" 𝑠"" 0 0 0 0 0 𝑑""
0 0 0 𝑠&& 0 0 0 𝑑!$ 0
0 0 0 0 𝑠&& 0 𝑑!$ 0 0
0 0 0 0 0 𝑠HH 0 0 0
0 0 0 0 𝑑!$ 0 𝑘!! 0 0
0 0 0 𝑑!$ 0 0 0 𝑘!! 0















The matrix L involves 10 independent material constants. For the elastic compliance, it includes 5 
constants: 𝑠!!, 𝑠!%,	𝑠!",	𝑠"",	𝑠&& (note 𝑠HH = 2(𝑠!! − 𝑠!%)); two dielectric ones, 𝑘"" and 𝑘!!; three 
piezoelectric ones, 𝑑"!,	𝑑"", and 𝑑!$.  The inverse of the constitutive equations which expressed 
in equation (4.3) can be obtained as: 
𝑋9 = 𝑀9:𝑌: 								𝑖, 𝑗 = 1~9 (4.8) 
 
In the equation 4.8, the matrix M is the stiffness matrix, and it can be expressed as 𝑀 = 𝐿>!.  The 
indices 𝑖 and 𝑗 for mechanical field are running from 1 to 6, and the related electrical field are 











So, the constitutive equations can be written as similar as equation (4.3) in matrix notation [23]: 
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𝜎 = 𝐶𝜀 − ℎB𝐷





4.2.1.2 Evolution of Domain Switch 
 
 
For the piezoelectric materials, the electric-elastic nonlinear behaviors are mainly due to 
domain switches. In this section, the key point is to evaluate the new domain growth under applied 
external loadings. Then the electro-mechanical responses can be calculated directly by 
micromechanics approach. In order to capture the domain switches, the piezoelectric materials 
such as PZT can be treated as two phase composites. The piezoelectric materials include parent 
domain phase (phase 0) and switched domain phase (phase 1), and the volume concentration for 
each phase can be donated as 𝑐= and 𝑐! with the relation as 𝑐= + 𝑐! = 1. In order to establish such 
a process to evaluate domain switches and determine the volume concentration of switched domain 
phase 1, the irreversible thermodynamic principle would be the convenient theory to be applied in 
this problem. Li and Weng’s previous work [12] already demonstrate how to evaluate domain 
switch by applying irreversible thermodynamic principle from Gibbs free energy G for dual phase 
system. The Gibbs free energy G of two-phase system under the external loading of (𝜎\, 𝐸) and 
new domain 𝑐! can be determined in tensor notation as: 
 
𝐺l𝜎\9: , 𝐸\, 𝑐!m =
1
2n 𝜎9:
















In the equation (4.11), 𝐹\9 is mechanical traction and it can be expressed as 𝐹\9 = 𝜎\9:𝑛:, and ∅v =
−𝐸\9𝑥9 , which is electrical potential. In addition, 𝜀9:@)  and 𝐷9@)  are the eigenstrain and eigen 
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polarization due to domain switch, respectively. The Gibbs free energy can be further simplified 









In the equation (4.12), where 𝑌@) = (𝜀@), 𝐷@)) is the eigen field which including eigenstrain and 
eigen polarization. 𝑋\ is external applied loading, and it could be electric field, mechanical field or 
both. 𝑌\  is the total electromechanical response. When the external loading commences, which 
donated by 𝑋\ = (𝜎\, 𝐸\) . The parent domain start to switch, and the volume concentration of 
switched domain phase 𝑐!  increases continuously from zero. Since the increasing volume 
concentration of new domain growth 𝑐!  is based the expense of the 𝑐= . Therefore, the above 
equation (4.12) can be further simplified as Gibbs’ free energy 𝐺= without considering switched 












In the equation (4.13), 𝑌\=	  is the overall electromechanical response without domain switch, and it 
can be written as 𝑌\=	 = (𝜀	̅	, 𝐷v). The overall response 𝑌\=	  can be calculated from the relation of 𝑌\=	 =
𝐿=𝑋\, where 𝐿= represents the overall electromechanical constants of the parent domain phase 𝑐=. 
Therefore, the change of Gibbs’ free energy can be defined as ∆𝐺 = 𝐺 − 𝐺=. Then the irreversible 
thermodynamics principle can be applied to build evolution process of volume concentration of 
domain switch 𝑐! under the different level of applied external field 𝑋\. Based on the irreversible 








   45 
 
Where the change of Gibbs’ free energy is equal to [14]: 
∆𝐺 = 𝐺 − 𝐺= = −
1
2 𝑐!
l𝑋z + 𝑋\MNm𝑌@)B −
1
2 𝑐!𝑋
\(2𝑌@) + 𝑌∗)B (4.15) 
Where: 
𝑋z + 𝑋\MN = [𝐵!(𝑐!𝐵! + 𝑐=𝐼)>! − 𝐼]𝑋\ + [𝑐!𝐵!(𝑐!𝐵! + 𝑐=𝐼)>! − 𝐼]𝐵!𝑀=(𝐼 − 𝑆)𝑌@)
𝑌∗ = −[∆𝑀(𝑐!𝐼 + 𝑐=𝑆) + 𝑀=]>!∆𝑀 × [𝑀=>!𝑋\ − 𝑐=(𝐼 − 𝑆)𝑌@)]
𝐵! = [𝐼 + 𝑀=(𝐼 − 𝑆)(𝑀=>! −𝑀!>!)]>!
(4.16) 
 
For the equation (4.16), the 𝑀 is the stiffness constants of the piezoelectric materials, which is the 
inversion of the matrix 𝐿. Matrix 𝑆 represents the piezoelectric Eshelby’s S-tensor that has been 
studied by Li [80], Huang and Yu [81] and Mikata [62] et al. Explicit results of the S-tensor in a 
transversely isotropic elastic medium are available for 1-3 fibrous piezoelectric composite (the 
aspect ratio 𝛼 → ∞) and 2-2 multilayered structure (the aspect ratio 𝛼 → 0). For the special case 
of spherical inclusions (the aspect ratio 𝛼 → 1 ) can be numerically evaluated by Gaussian 
quadrature method. It is to be noted that, when the applied field is added to equation (4.16), the 
total sum represents the depolarization field inside the switched domain. Since equation (4.16) is 












𝐼 − 𝑆 = 
(𝐼 − 𝑆)H×H
(!) (𝐼 − 𝑆)H×"
(%)
(𝐼 − 𝑆)"×H
(") (𝐼 − 𝑆)"×"
(&)
 (4.18) 
   46 
 
𝜎} + 𝜎\MN = −(1 − 𝑐!) ×




𝐸z + 𝐸\MN = −(1 − 𝑐!) ×
−ℎ(𝐼 − 𝑆)(!) + 𝛽(𝐼 − 𝑆)(") ∙ 𝜀@) + −ℎ(𝐼 − 𝑆)(%) + 𝛽(𝐼 − 𝑆)(&) ∙ 𝐷@) (4.20)
 
 





(𝜎} + 𝜎\MN)𝜀@) + l𝐸z + 𝐸\MNm𝐷@) −
1
2 𝑐!
[𝜎\(2𝜀@) + 𝜀∗) + 𝐸\(2𝐷@) + 𝐷∗)] (4.21) 
 
During the new domain growth at the different level of external applied field, the resistance due to 
new domain or defects will be formed simultaneously. Domain wall has to be generated to 
overcome the total resistance. Domain wall and resistance are associated with the interface energy 
between parent domain and the new domain, and such a relation can be described as: 





Where 𝛾) is the interface energy density; 𝐴! is the area of the total interface, and 𝑉! is the total 
volume of the new grow domain in the unit volume of the system. The energy dissipation increases 
along with the increasing new growth domain volume concentration 𝑐!, and it will be disappeared 
since there is no domain switch 𝑐! = 0. The double exponential function will be obtained to study 
the growing energy dissipation [3] as showing in equation (4.23). 
 
∆𝐺@ = 𝑚(𝑒O"(! + 𝑒>O!(! − 2) (4.23) 
 
𝑏= and 𝑏! are two constants associated with energy dissipation, and the resistance force then can 
be written as: 








+𝑚(𝑏=𝑒O"(! − 𝑏!𝑒>O!(!) (4.24) 
 
Since the condition of domain switch is defined as the resistance force must be overcome by the 
driving force, it has to be set as the driving force 𝑓@) equal to the resistance force 𝑅@). Therefore, 
the electromechanical constants of parent domain phase and switched domain phase are not taking 
too much difference in the global axes, so the matrix 𝑀! = 𝑀=.  The kinetic energy equation can 











The above kinetic equation (4.25) provides the volume concentration of new domain growth under 
a given external applied field either can be stress or electric field (𝜎\, 𝐸\). As the applied field 
increases, the volume concentration 𝑐! also increases. Then the evolution of 𝑐! can be obtained 
from the kinetic equation. 
 
 
4.2.1.3 Overall Strain and Electric Displacement of the Inclusion 
 
 
Since the relation between the external applied field and the new domain volume concentration 
obtained, the overall electromechanical response of the ferroelectric inclusions can now be 
calculated. The electric displacement 𝐷v and the mechanical strain 𝜀 ̅in tensor notation follow as: 
𝜀9̅: = 𝑠9:;<𝜎\;< + 𝑑P9:𝐸\P + 𝑐!l𝜀9:@) + 𝜀9:∗ m
𝐷v6 = 𝑑6;<𝜎\;< + 𝑘6P𝐸\P + 𝑐!(𝐷6@) + 𝐷6∗ )
(4.26) 
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For the equation (4.26), the compliances for the parent domain phase are including elastic 
compliance 𝑠 , dielectric compliance 𝑘  and the piezoelectric compliance 𝑑 . 𝜀	∗  and 𝐷	∗  are 
representing the eigen strain and eigen polarization due to the heterogeneous nature of the two 
domains. Based on the condition that compliances for both the parent and the switched domain do 
not have significant difference in the global axes, so they share the same physical properties. Then 
the eigen strain 𝜀	∗ and eigen polarization 𝐷	∗ will be vanished. From now on, the evolution of 
volume concentration 𝑐! is ready to be solved, and the constitutive equations can be simplified 
only under the external applied electric field 𝐸\". The corresponding electromechanical response as 
follows: 
𝜀̅ = 𝑠𝜎 + 𝑑B𝐸 + 𝑐!𝜀@)




In order to obtain the nonlinear relations between electric field with electric displacement and 
strains after the domain switch involved, the saturation polarization with maximum applied electric 
field will be regarded as the reference, then the pair of responses can be written as (𝐸\"Q, 𝐷v"Q) and 
(𝐸\"Q, 𝜀"̅"Q ). There are two important properties have to be considered so as to make it easier to 
calculate the electromechanical responses, which are remanent polarization 𝑃' and coercive field 
𝐸( . Both of them can be obtained by setting 𝐸\" = 0 for remanent polarization and 𝐷v" = 0 for 
coercive field in the following equation (4.28). 
 
𝜀"̅" − 𝜀"̅"Q = 𝑑""B (𝐸\" − 𝐸\"Q) + 𝑐!𝜀""@)
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FIG 4. 1 Schematics of piezoelectric composite: (1.a) spherical composite with the aspect ratio 𝜶 → 𝟏. (1.b) 
fibrous composite with the aspect ratio 𝜶 → ∞. (1.c) multilayers composite with the aspect ratio 𝜶 → 𝟎. 
 
 
From the last section, the first level micromechanics approach has been used to establish theory 
for evolution of increasing volume concentration 𝑐!  upon increasing electric field. In order to 
translate the inclusions physical properties to the overall PZT/epoxy composite, the Mori-Tanaka 
method is the most convenient theory to be applied.  Wend and Benveniste have extended the 
approach to study elastic problems. Therefore, its extension can be chosen directly to get the 
overall composite property at a given volume concentration of PZT inclusions. With the inclusion-
matrix microgeometry shown in figure 4.1. There are three different shapes of inclusions will be 
considered for the composite. The different shapes of inclusions refer to the different piezoelectric 
Eshelby’s S-tensor. For the fibrous 1-3 and layer 2-2 composites, the explicit results from Mikata 
[62] will be used for solving coupling problem. For the special case of spherical inclusions, which 
can be numerically evaluated by Gaussian quadrature method. By taking the PZT inclusions as 
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as 𝑚! and 𝑚=. Then their related phase moduli are 𝑃! and 𝑃=, respectively. The effective electro-
elastic moduli tensor for the composite can be written as [57]: 





Where S is piezoelectric Eshelby’s S-tensor of the ellipsoidal inclusions, I is a 9 by 9 identity 
matrix. It has to be mentioned that the moduli 𝑃! and 𝑃= are including physical constants 𝜅, 𝑒, 𝐶, 
which are representing the dielectric permittivity measured at constant strain, piezoelectric 
constants and stiffness constant measured at constant electric field. these physical constants can 
be calculated by establishing such relations as: 𝐶 = 𝑆>!, 𝑒 = 𝑑𝐶 and 𝜅 	 = 𝑘 + 𝑒𝑑B. Where k is 
the dielectric permittivity measured under constant stress, d is the piezoelectric constant and S is 
the compliance constant measured at constant electric field. Since the crystal structure of 
piezoelectric composites PZT/epoxy is transversely isotropic, equation (4.29) enables us to 
calculate the needed moduli P from 𝑃! and 𝑃= at a given volume concentration of inclusions 𝑚!. 
The input parameters 𝐶, 𝑒, 𝜅 	for the model is given in tables 4.1 and 4.2. The developed model for 
effective electro-elastic moduli tensor is used to evaluate the material properties of 
piezocomposites. Figure 4.2 to 4.6 are showing the predicted piezoelectric constants 𝑑"!, 𝑑"", 𝑑!$, 
and dielectric permittivity 𝑘!!, 𝑘""	of the PZT/epoxy composites under the range of volume 
concentration from 0 to 1, respectively. The predicted results include three different shape of 
inclusions, and they are 1-3 fibrous inclusion (the aspect ratio 𝛼 → ∞), 2-2 multilayered structure 
(the aspect ratio 𝛼 → 0 ) and spherical inclusions (the aspect ratio 𝛼 → 1 ). For the fibrous 
composites, the predicted results are used to be compared with the homogenized material 
properties of 1-3 piezocomposites obtained from FE resonator model. 
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Table 4. 1. Material properties of matrix (epoxy) [92] 
Material Constants Epoxy (matrix) Units 
𝐂𝟏𝟏𝐦 = 𝐂𝟐𝟐𝐦 = 𝐂𝟑𝟑𝐦 3.9 Gpa 
𝐂𝟏𝟐𝐦 = 𝐂𝟏𝟑𝐦 1.68 Gpa 
𝐂𝟒𝟒𝐦 2.2 Gpa 
𝐤𝟏𝟏
𝐦 = 𝐤𝟑𝟑








Table 4. 2. Material properties of inclusions (PZT5A1) [92] 
Material Constants PZT5A1 (inclusions) Units 
𝐂𝟏𝟏	 129.3 Gpa 
𝐂𝟏𝟐 91.6 Gpa 
𝐂𝟏𝟑 87.1 Gpa 
𝐂𝟑𝟑 116.8 Gpa 
𝐂𝟒𝟒 9.7 Gpa 
𝐞𝟑𝟏 -2.7 Cm-2 
𝐞𝟑𝟑 19.2 Cm-2 
𝐞𝟏𝟓 5.5 Cm-2 
𝐤𝟏𝟏
𝛆 17.3 nFm-1 
𝐤𝟑𝟑
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FIG 4. 2 Comparison between the theoretical calculations and the FE results [92] for the 𝒄𝟏 dependence of 







FIG 4. 3 Comparison between the theoretical calculations and the FE results [92] for the 𝒄𝟏 dependence of 
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FIG 4. 4 Comparison between the theoretical calculations and the FE results [92] for the 𝒄𝟏 dependence of 
the piezoelectric constant 𝒆𝟏𝟓. 
 
 
The figures (4.2-4.4) shown the piezoelectric constants 𝑒9: of piezoelectric composites as a 
function of inclusion concentration 𝑐! at the three aspect ratios, where the orange lines refer to the 
spherical shape piezoelectric inclusions, blue dash lines refer to the fibrous shape of  PZT 
inclusions, and the black dash lines refer to the layered shape of PZT inclusions. The piezoelectric 
constants are defined as the ratio of the mechanical stress 𝜎9 to the applied electric field 𝐸: . Since 
the volume concentration 𝑐! of PZT is zero, there is no piezoelectric affect. The magnitudes of 
these piezoelectric constants vary from zero to the value of PZT as 𝑐! varies from 0 to 1. Since 𝑒"! 
of PZT is negative, so the effective 𝑒"! of the composite is also negative. However, the effective  
𝑒!$ and 𝑒"" are positive because of the values of PZT are positive. Furthermore, the FE results of 
fibrous composites are obtained to compare with the predicted results. We can find that the 
theoretical results are following the FE results perfectly. The volume concentration 𝑐!  and 
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FIG 4. 5 Comparison between the theoretical calculations and the FE results [92] for the 𝒄𝟏 dependence of 







FIG 4. 6 Comparison between the theoretical calculations and the FE results [38] for the 𝒄𝟏 dependence of 
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The figures. (4.5-4.6) are showing the variations of electric permittivity 𝑘!! and 𝑘"". As same 
as the last part, the different colors of the lines refer to the different inclusion shape in the 
PZT/epoxy composite. The electric permittivity constants are defined as the ratio of the induced 
electric polarization D to the applied electric field 𝐸",  but in the different direction. 𝑘!! along to 
the direction of transverse direction 1, and 𝑘"" towards to symmetric axial direction 3. From the 
fig. 6, it is obvious that the effective 𝑘"" of fibrous inclusion shape is almost a linear line with 
dependence of 𝑐!, and the fibrous inclusion is also the strongest one comparing with other two 
inclusion shapes. For the effective 𝑘!!, fibrous composite displays weakest effect, and it is almost 
equal to zero until the volume concentration of PZT inclusions approach to 0.8. the predicted 
effective constants are also in a good agreement with FE results. 
Until now, the effective electro-elastic moduli tensor has been determined, but it cannot be 
used directly to solve the nonlinear electric and elastic behavior because of its linear nature. In the 
next section, the “secant” approach will be introduced to solve this problem. Furthermore, the 
micromechanics model is frequency independent, and it not includes how the nonlinear 
ferroelectric and ferro-elastic behavior influenced by frequency. Therefore, we also introduce a 
model to express frequency dependent change in polarization and coercive field in order to obtain 




4.2.3. The “Secant” Moduli Approach 
 
 
The secant moduli can describe the nonlinear elastoplastic properties of the matrix by using 
the linear elastic properties; It also by means of extending linear modulus of a composite to a 
nonlinear one. During the process of nonlinear response causing by applied external field, the 
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linear modulus of constituent phase will be replaced by secant moduli continuously. For the 
coupling nonlinear ferroelectric composites, the secant moduli [96] either can be defined as ratio 
of stress to the total strain or the ratio of electric field to total electric displacement. To apply secant 
moduli approach in solving the nonlinear electromechanical behaviors, the linear piezoelectric 
constitutive equations for the inclusions shows in equation (4.26) will be replaced as follows: 
 
𝜀̅) = 𝑑B𝐸 + 𝑐!(𝜀@) + 𝜀∗) = 𝑑)B𝐸
𝐷v) = 𝑘B𝐸 + 𝑐!(𝐷@) + 𝐷∗) = 𝑘)B𝐸
(4.30) 
 
Where the subscript “s” represents the “secant”, so 𝑑)B stands for “secant” piezoelectric constants, 
and 𝑘)B  represents as dielectric constants. According to the equation (4.30), since the volume 
concentration of new domain switch 𝑐! commences, these secant constants are continuous changed 
with the applied electric field. From such process, the nonlinear electromechanical behaviors can 




4.2.4 Frequency-Dependent Electromechanical Responses of a Ferroelectric 
 
 
According to the experimental results of 1-3 piezocomposites [92] figure 4.12, we can see that 
the variation of polarization and strain for various electrical loading rate of 1-3 piezocomposites. 
The ferroelectric and ferro-elastic responses are strongly depending on the frequency of the applied 
electric field. Both the remanent polarization and coercive field decrease with the increasing 
frequency, and also the decrease in saturation polarization and strain under higher electrical 
loading rates. Based on the observations, the KAI model [32] will be used to describe both the 
remanent polarization and coercive field changing upon the variations of frequency. In this model, 
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an exponential function will be adopted to describe the changing of remanent polarization and 
coercive field in terms of frequency, and it shows as following: 
𝐹(𝑓) = 𝐹=(𝑒>S)P (4.31) 
 
Where 𝐹= and 𝑛 are the magnitude of F at the infinity frequency and the exponential parameter, 
respectively. The function of F either can be remanent polarization 𝑃' or the coercive field 𝐸( with 
the corresponding parameters (𝑃=, 𝑛') or (𝐸=, 𝑛(). Figure. 4.7 (a) and (b) show 𝑃' and 𝐸( under 
variations of frequency from the range of 0.1Hz to 30 Hz. The red squares represent experimental 
data [92] and the solid lines are the fitting curves with the fitting parameters of:  
𝑃= = 0.110	Cm>%,					𝑛' = 0.987;











































FIG 4. 7 (a) remanent polarization 𝑷𝒓 and (b) coercive field 𝑬𝒄 as a function of frequency. The red squares 
are from the experimental data [38] and the solid lines are the fitting curve by using equation (4.31). 
 
 
The relations established between remanent polarization 𝑃' and coercive field 𝐸( and frequency 
incorporating with the micromechanics approach works for generating ferroelectric and ferro-




4.3 Verification of the Model 
 
 
In order to verify that the proposed micromechanics model is able to reflect the experimental 
behavior qualitatively, it will be applied to study electromechanical behaviors of PZT/epoxy 
piezocomposites depending on variations of frequency of applied electric field. the model also can 
be studied the electromechanical behaviors depending on the volume fraction of PZT. For the last 
part, the model will be adopted to predict the inclusion shape influence on ferroelectric and ferro-
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4.3.1 The Frequency Dependent Responses 
 
 
The frequency dependent micromechanics model now can be applied to study the frequency-
dependent nonlinear electromechanical coupling behaviors of PZT/epoxy piezoelectric composites. 
According to the experiments done by Jayendiran and Arockiarajan [92], the composite including 
35% percent of fibrous PZT inclusions under various electric loading frequency such as 0.1 Hz, 
1Hz, 10 Hz, 15Hz and 25 Hz. is studied. From the experimental results, it can be observed that the 
area of hysteresis loop and butterfly shape of loop decreases with increasing in frequency of 
electric field. In order to predict such ferroelectric and ferro-elastic behaviors, first we need to 
evaluate the evolution of domain switch 𝑐! under electric field with various frequency. Figure (4.8) 
shows the evolution of volume concentration 𝑐! of the switched domain versus the electric field 
with various frequency. The domain switch starts at the point of saturation polarization (𝑐! = 0) 
and reach the complete switch at point of opposite saturation polarization (𝑐! = 1). Then the 
opposite switch makes the domain switch back to the initial point (𝑐! = 0). In the figure (4.8), it 
can be observed that for the evolution of domain switch under any frequency, it has to start from 
maximum value of applied electric field which is 2 × 10H 𝑉 𝑚⁄ , and all the domain switch to the 
opposite direction until it reach to the negative maximum value of electric field which is 
−2 × 10H 𝑉 𝑚⁄ . Then domain reverse back to the positive maximum electric field, and it can be 
considered as a loop. As the experimental results (figure 4.9. a) shows that the increasing in electric 
frequency causes the corresponding polarization and strain change decreasing, which indicates that 
the domains effectively get less time to expose at higher frequency of electric field.  Therefore, the 
volume concentration 𝑐! under an electric loading with higher frequency will change lesser. 
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FIG 4. 8 Evolution of the volume concentration of the switched domain 𝒄𝟏 at the frequencies of 0.1Hz, 




The comparison between the theoretical results and the experimental data of the dielectric and 
butterfly hysteresis for the piezocomposites including 35% of PZT are shown in figure 4.9.  It is 
obvious that the theoretical results catch up the trend of dielectric and butterfly hysteresis 
qualitatively and quantitatively.  According to the figure 4.9 (a), when the frequency of applied 
electric field becomes higher, the domains do not have enough time orient along the applied 
loading that cause the electric displacement and strain decrease. Recall that the evolution of 
domain switch is calculated from the resistance force must be overcome by the driving force, and 
three constants are involved in the calculations. The constant m related to the energy dissipation 
are found to be linearly depend on the frequency with 𝑚 = −268𝑓 + 10429; while the constants 
𝑏= = 2.4 and 𝑏! = 48.57 are independent of the frequency. The predicted results by applying the 
micromechanics model are shown in figure 4.9 (b). the response of piezocomposite including 35% 
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will resist the domains to switch as more as they are at lower frequency. Both remanent 
polarization and remanent strain decrease with increased frequency, but the coercive field 
increases with increased frequency. It is because that the proposed model incorporates with 180 
degrees of domain transformation that including two consecutive 90 degrees of domain switch. the 
higher frequency resists on the first 90= domain switch, and the second 90= domain switch will 






















































































































































★ Experimental Results 0.1Hz ◆ Experimental Results 1Hz
■ Experimental Results 10Hz ● Experimental Results 15Hz
▶ Experimental Results 25Hz






































































































































































































★ Experimental Results 0.1Hz ◆ Experimental Results 1Hz
■ Experimental Results 10Hz ● Experimental Results 15Hz
▶ Experimental Results 25Hz
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FIG 4. 9 Comparison between the Experimental (a) and theoretical (b) results for D-E hysteresis loops and 
strain change butterfly loops of epoxy/PZT piezocomposites (0.35 PZT) under electric field with various 






By using the KAI model to predict the remanent polarization and remanent strain, the proposed 
micromechanics model can be applied to predict dielectric and butterfly hysteresis loop under 
applied electric field in other frequencies. The figure (4.10) is shown the predicted results of 
electromechanical behaviors. The responses of 35% PZT under cyclic electric field in 25Hz, 35Hz 
and 50Hz. It can be observed that the increase in frequency of electric field can decrease saturation 
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FIG 4. 10 The predicted results of (a) D-E hysteresis loop (b) butterfly hysteresis loop of epoxy/PZT 
piezocomposites (0.35 PZT) under electric field with various frequency of 25Hz, 35Hz, 50Hz. 
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4.3.2 The Volume Fraction of Piezoelectric Inclusions Dependent Response 
 
Since the frequency dependent response is discussed in last section, so the volume fraction of 
PZT dependent response will be studied in this section. According to the experimental data studied 
by Jayendiran and Arockiarajan [92], the experiments are conducted on fibrous PZT/epoxy 
piezocomposites with various percent of PZT such as 100%, 80%, 65% and 35% and under a 
constant frequency 15Hz. The predicted results obtained from the proposed micromechanics 
incorporate with Mori-Tanaka method. The effective material constants permittivity 𝜅 , 
piezoelectric constants 𝑒  and stiffness 𝐶  will strongly impact on the dielectric hysteresis and 
butterfly hysteresis. The new domain concentration 𝑐!  versus cyclic electric field is shown in 
figure (4.11) below. It can be observed that the change of new domain concentration under 
different volume fraction of PZT does not show with big difference. It is because that all the 
specimens under cyclic electric field with constant frequency 15Hz. Therefore, they have same 
time for all domains are exposed to orient along the applied electric loading direction and the rate 
of change for new domain concentration should be the same. At this point, the predicted results 
are reasonable. 
 
FIG 4. 11 Evolution of the volume concentration of the switched domain 𝒄𝟏 in the various volume fraction 




































FIG 4. 12 Comparison between the Experimental (a) and theoretical (b) results for D-E hysteresis loops of 
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▽ Experimental Results 35% PZT ◇ Experimental Results 65% PZT
□ Experimental Results 80% PZT ○ Experimental Results 100% PZT























Predicted Results 100% PZTPredicted Results 80% PZT
Predicted Results 65% PZTPredicted Results 35% PZT









FIG 4. 13 Comparison between the Experimental (a) and theoretical (b) results for butterfly hysteresis loops 
of epoxy/PZT piezocomposites under electric field in 15Hz with various volume fraction 0.35, 0.65, 0.80, 

























































































▽ Experimental Results 35% PZT ◇ Experimental Results 65% PZT
□ Experimental Results 80% PZT ○ Experimental Results 100% PZT
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The figure (4.12)  is shown the experimental and theoretical results of D-E hysteresis loops 
with various volume fraction of PZT. The area of the hysteresis loops decreases with decrease in 
PZT volume fraction. Since the colume fraction of epoxy increase, the number of domains decrease 
causing the eletromechanical behaviors decrease in micro-scope. As we mentioned that the 
nonlinear ferroelectric response is stongly depending on the domain evolution, so it is always 
interesting to see how the new domain evolves during this cyclic electrical loading. Since the 
hysteresis loop starts from saturation polarization at the electric field of 2 × 10H 	V m⁄  unitl to the 
state of remanent polarzation at the electric field of zero. The new domain concentration generated 
less, and the slope of this part of the loop is account for electric permittivity of the piezocomposites. 
It can be observed from figure (4.12), the electric permittivity is becoming smaller as the decrease 
in volume fraction of PZT. After that, the evolution of domain become fast as it approached 
completion of switch. The figure (4.13) is shown the experimental and predicted butterlfy 
hysteresis. Since the butterfly loop initial from the saturation state to the electric field of around 
−1.2 × 10H 	V m⁄ , and it suddenly goes up. Such ferro-elastic behaviors reflects that the 180= 
domain switch is not accomplised first by a 90= switch and then followed by another consecutive 
90= switch. Therefore, the developed model is applied in this two step domain switch to calculate 
of axial strain. The predicted results is seen to be well simulated, and the strain change decreases 
as the volume fraction of PZT decrease. 
 
 
4.3.3 The Shape of Inclusion-Dependent Response 
 
 
After the cases of frequency dependent and the volume fraction of inclusion are discussed 
above, the proposed model will be applied to study the shape of inclusion dependent response in 
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this section. There are three different shapes of inclusion that we mentioned above, 1-3 fibrous 
piezoelectric composite (the aspect ratio 𝛼 → ∞), 2-2 multilayered structure (the aspect ratio 𝛼 →
0) and the special case of spherical inclusions (the aspect ratio 𝛼 → 1). The effective electro-elastic 
moduli tensor for the composite can be calculated by equation (4.29). The Eshelby’s S-tensor is 
the key point to solve for these three inclusions shape. Figure (4.14) shows the predicted results of 
dielectric and butterfly hysteresis loop, which are performed based on the proposed model under 
a constant frequency 15Hz of electric field. the PZT/epoxy piezocomposite includes 35% of PZT. 
The black dash line, orange dash line and the blue solid line represent electromechanical behaviors 
of fibrous composite, spherical composite and the multilayered composite respectively. It can be 
observed that the electric permittivity of fibrous composite is bigger than other two kinds of 
composites. The figure 4.14.b is shown the butterfly hysteresis loops, and the strain change for 
fibrous and spherical composites are very similar if the PZT volume fraction is 0.35. However, the 




































FIG 4. 14 The theoretical results of (a) D-E hysteresis loop (b) butterfly hysteresis of the piezocomposite 







In this chapter, the influence of electric frequency, volume fraction of PZT and the shape of 
piezocomposites on the nonlinear electromechanical behaviors of PZT/epoxy composites has been 
studied under applied external electric field. The effective material constants are derived using 
Mori-Tanaka method, and Eshelby’s S-tensor is the key point to solve the constants. By comparing 
with the constants derived by FE resonator model, it has to be proved that the Mori-Tanaka method 
is accurate and effective to be applied to predict the effective material constants. The frequency 
independent two-level micromechanics-based approach is carried out, then by incorporating the 
KAI model to create the model that applicable to nonlinear frequency-dependent 
electromechanical behaviors. For the first level of the two-level micromechanics model, the 
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principle, then the secant-moduli approach and the Mori Tanaka method are implemented to study 
the nonlinear responses for the piezocomposites. The theoretical calculations of the frequency 
dependent nonlinear responses of 1-3 piezocomposites with constant fiber volume fraction under 
electric field, it is found that the frequency has an influence on the behavior of 1-3 fibrous 
piezocomposites. The simulations also applied to predict fiber volume fraction dependent 
nonlinear responses with constant electrical loading rate, and the theoretical results is shown a 
good agreement with experimental data. The proposed model is also performed for the dependence 
of the piezocomposite shape such as fibrous, multilayered and spherical shapes. The theoretical 
prediction also shows a strong dependence of behaviors of these piezoelectric/polymer composites 
with the constant volume fraction and frequency. Thus, the present study already explores the 
frequency dependent electromechanical behaviors of the different shape of piezoelectric inclusions 
embedded into the epoxy for all volume fraction of piezocomposites. Overall, comparing with 





























The potential applications and the desire to understand magneto-electro-elastic coupling 
behavior of multiferroic composites have intrigued recent investigations in the field by many 
researchers. The magnetoelectric coupling coefficient 𝛼  is absent in either piezoelectric or 
piezomagnetic phase. It is only existing in the coupling behaviors between piezoelectric and 
piezomagnetic phases. This coupling coefficient enables the composites to exhibit magnetization 
under an electric field, or electric polarization under a magnetic field. it is the so called “0 + 0 →
1” product effect that makes this class of composites so appealing. Furthermore, the magneto-
electric coupling effect of multiferroic composite can be achieved even at room temperature, such 
a strong physical property is a key factor signifies multiferroic composite’s potential applications 
in many multifunctional materials and electronic devices. In the chapter 5, two-phase multiferroic 
composites consisting of aligned ellipsoidal piezomagnetic/piezoelectric inclusions embedded in 
a piezoelectric/piezomagnetic matrix will be considered, as depicted in the figure 5.1. Based upon 
the shape of the inclusions and connectivity of the system, these multiferroic composites can be 
classified as 0-3 (particulate), 1-3 (fibrous), and 2-2 (lamellar) types of composites, respectively. 
As the inclusions in these types of the composites are all aligned along the same direction, so the 
system as whole can be treated as transversely isotropic material. 
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FIG 5. 1 Schematic of a piezoelectric/piezomagnetic multiferroic composite (a) general aligned ellipsoidal 
inclusions, (b) multilayers composite with 2-2 connectivity (𝜶 → 𝟎), (c) particulate composite with 0-3 
connectivity (𝜶 = 𝟏), (d) fibrous composite with 1-3 connectivity (𝜶 → ∞). [97] 
 
 
For a transversely isotropic multiferroic composite, there are 17 independent material constants 
(5 elastic, 3 piezoelectric, 3 piezomagnetic, 2 dielectric, 2 magnetic and 2 magneto-electric). For 
the piezoelectric phase along or piezomagnetic along there are only 12 material’s constants. The 
objective of this work is to find all of these 17 magneto-electro-elastic constants of the multiferroic 
composites in terms of the volume concentration and the aspect ratio of the inclusions. The 
analytical solution of 12 constants for either piezoelectric or piezomagnetic are known, and the 
volume concentration c1 is from 0 to 1. Furthermore, the aspect ratio 𝛼 is depending on the shape 
of inclusions. 
In summary, a continuum mathematical model is provided so that the physical properties of 
the system can be determined based on existing micromechanics’ theories. In this chapter, the 
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behavior of the system. A typical two-phase multiferroic BTO-CFO composite is used to present 
the calculated results.   
 
 
5.2 The Coupled Magneto-electro-elastic Constitutive Equations 
 
The piezoelectric phase has its electro-elastic linear relations that involving four physical 
quantities: mechanical stress𝜎, strain𝜀, electrical field E and electric displacement D. As the same 
way, the piezomagnetic phase has its magneto-elastic linear relations that involving four physical 
quantities either, which are mechanical stress𝜎, strain𝜀, magnetic flux density B and magnetic field 
H. Therefore, for the whole multiferroic quantities, the coupled linear relations involve six physical 
quantities totally: mechanical stress𝜎 , strain𝜀 , electrical field E and electric displacement D, 
magnetic flux density B and magnetic field H, all of them in tensors or vectors. For the study, stress 
𝜎, electric displacement D and magnetic flux density B as one pair, strain 𝜀, electric field E and 
magnetic field H as another pair. The reason why the constitutive equations is written like this is 
that the quantities of the former group all satisfy the divergence-free condition whereas the latter 
can all be derived from the appropriate potentials. In notations they satisfy: 
 





l𝑢9,: + 𝑢:,9m,					𝐸9 = −∅,9 ,					𝐻9 = −𝜑,9 (5.2) 
 
 
where 𝑢9,: is the displacement vector. ∅, 𝜑 are electric and magnetic potentials, respectively. The 
equation 𝜎9:,: = 0 is the mechanical equilibrium in the absence of body force and the remaining 
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two (𝐷9,9 = 0, 𝐵9,9 = 0) are the quasi-static form of Maxwell’s equations in the absence of free 
charges. There are three constitutive equations can be written as: 
𝜎 = 𝐶𝜀 − 𝑒B𝐸 − 𝑞B𝐻
𝐷 = 𝑒𝜀 + 𝜅𝐸 + 𝛼𝐻
𝐵 = 𝑞𝜀 + 𝛼𝐸 + 𝜇𝐻
(5.3) 
 
In the equation (5.3), C represents the elastic stiffness tensor (measured at constant electric and 
magnetic fields), 𝜅 is the electric permittivity tensor (measured at constant strain and magnetic 
field), and 𝜇 is the magnetic permeability tensor (measured at instant strain and electric field). 
Furthermore, e is representing the piezoelectric constant tensor, and q is representing the 
piezomagnetic constant tensor. 𝛼  is the magnetoelectric coupling coefficient tensor. The 
superscript T means the transpose matrix.  
The three constitutive equations can be written as a matrix form: 




𝑋 = [𝜎, 𝐷, 𝐵]B = [𝜎!	𝜎%	𝜎"	𝜎&	𝜎$	𝜎H	𝐷!	𝐷%	𝐷"	𝐵!	𝐵%	𝐵"]B
𝑌 = [𝜀, −𝐸,−𝐻]B = [𝜀!	𝜀%	𝜀"	𝜀&	𝜀$	𝜀H	−𝐸!		−𝐸%		−𝐸"			−𝐻!		−𝐻%		−𝐻"	]B
(5.5) 
 








Both X and Y are 12 × 1 vectors, and L is a 12 × 12 matrix, which includes C as a 6 × 6 matrix, 
e and q as 3 × 6 matrix. 𝜅 and 𝛼, 𝜇 as 3 × 3 matrix. The matrix L is the magneto-electro-elastic 
moduli matrix with transversely isotropic microstructure and symmetric along the axis-3, so the L 
can be simplified as: 




















𝐶!! 𝐶!% 𝐶!" 0 0 0 0 0 𝑒"! 0 0 𝑞"!
𝐶!% 𝐶!! 𝐶!" 0 0 0 0 0 𝑒"! 0 0 𝑞"!
𝐶!" 𝐶!" 𝐶"" 0 0 0 0 0 𝑒"" 0 0 𝑞""
0 0 0 𝐶&& 0 0 0 𝑒!$ 0 0 𝑞!$ 0
0 0 0 0 𝐶&& 0 𝑒!$ 0 0 𝑞!$ 0 0
0 0 0 0 0 𝐶HH 0 0 0 0 0 0
0 0 0 0 𝑒!$ 0 −𝜅!! 0 0 −𝛼!! 0 0
0 0 0 𝑒!$ 0 0 0 −𝜅!! 0 0 −𝛼!! 0
𝑒"! 𝑒"! 𝑒"" 0 0 0 0 0 −𝜅"" 0 0 −𝛼""
0 0 0 0 𝑞!$ 0 −𝛼!! 0 0 −𝜇!! 0 0
0 0 0 𝑞!$ 0 0 0 −𝛼!! 0 0 −𝜇!! 0





















The L matrix involves 9 different tensors and 17 independent material constants, where the C 
matrix is a symmetrical matrix.𝐶!" = 𝐶%" , 𝐶!! = 𝐶%%  and 𝐶&& = 𝐶$$ , 𝐶HH = (𝐶!! − 𝐶!%)/2 . 
Therefore, The C matrix only includes five elastic constants 𝐶!!, 𝐶!%, 𝐶!", 𝐶"" and 𝐶&&. In addition, 
the other two diagonal terms 𝜅 and 𝜇 are electric permittivity tensor and magnetic permeability 
tensor. For the dielectric tensor, which is only including two elements: 𝜅!!	 and 𝜅"" . L is 
transversely isotropic, and all tensors in L matrix must be transversely isotropic also (𝜅!!=𝜅%%).  In 
the same way, the magnetic tensor includes two elements: 𝜇!! and 𝜇"", and 𝜇!! equal to 𝜇%% either. 
Furthermore, there are three piezoelectric coefficients: 𝑒"! , 𝑒""  and 𝑒!$ ; three piezomagnetic 
coefficients: 𝑞"!, 𝑞"" and 𝑞!$; and two most important magneto-electric coefficients: 𝛼!!and 𝛼"" 
for the whole composite material. In the phase of piezomagnetic, the q-components and the 
magneto-electric 𝛼 components are all zero, and for the piezomagnetic phase, the piezoelectric e 
components and the magneto-electric 𝛼  components are also zero. Therefore, the constituent 
piezoelectric and piezomagnetic phases have 12 independent constants each. The elastic constants 
   77 
 
are fourth rank tensor, and the piezoelectric and piezomagnetic constants are third rank tensor. The 
process of deriving these tensors are showing Appendix B. 
In the constitutive equations, we can find that electric field E and magnetic field H as the input 
are all negatives, so that matrix L can be diagonally symmetric. Such a diagonal symmetry for the 





5.3 The Effective Magneto-electro-elastic Tensor L 
 
The micro geometry of the composite is given in figure 5.1. For such kind of problem, the 
Mori-Tanaka method is the most convenient one to apply.  Mori-Tanaka method has been 
extensively discussed by Weng, and its extensive study can be applied to the multiferroic problem 
directly. By taking the inclusions as phase 1 and the matrix as phase 0, their correspond volume 
concentration are 𝑐!  and 𝑐= , and their phase moduli as 𝐿!  and 𝐿=  respectively. The effective 
magneto-electro-elastic moduli can be expressed as [97]: 
 
𝐿 = 𝐿= + 𝑐!(𝐿! − 𝐿=)[Ι + 𝑐=𝑆𝐿=>!(𝐿! − 𝐿=)]>! (5.8) 
 
Where S is Eshelby’s S-tensor of the ellipsoidal inclusion in the matrix phase whether can be 
piezoelectric or piezomagnetic. For the fibrous composites (1-3 connectivity) or the multilayered 
composites (2-2 connectivity), their S-tensor components can be written explicitly, but for the 
ellipsoidal (0-3) problems, there are no analytical solutions for the S tensor. Gaussian quadrature 
will be a good mathematical tool to solve this problem. The above equation enables us to obtain 
the 17 constants of L according to the volume concentration of inclusions 𝑐! (0~1). 
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5.4 Results and Discussion 
 
Since the theory of multiferroic materials is studied, the established mathematical model 
allowed to calculate all 17 independent constant moduli of the effective magneto-electro-elastic 
composite. The piezoelectric material BaTiO3 (BTO) is considered as piezoelectric phase, and the 
piezomagnetic material CoFe2O4 (CFO) as the piezomagnetic phase. Both cases of CFO-BTO and 
BTO-CFO are considered refer to different aspect ratios in the part of results, also the physical 
properties for either CFO or BTO are given in table 5.1. 
 
Table 5. 1. Material constant moduli of barium titanate (BTO) and cobalt ferrite (CFO) [98-100]. 
Source Huang and Kuo (1997) and Li and 
Dunn (1998a, b) 
Harshe´ et al. (1993) 
Matrix Phase BTO CFO BTO CFO 
C&& Gpa 166 286 283 284 
C&' Gpa 77 173 186 171 
C&( Gpa 78 170 142 16 
C(( Gpa 162 269.5 178 268 
C)) Gpa 43 45.3 43 45.3 
e(& C m'⁄  -4.4 0 -9.69 0 
e(( C m'⁄  18.6 0 11.7 0 
e&* C m'⁄  11.6 0 11.6 0 
q(& N/(A ∙ m) 0 580.3 0 574 
q(( N/(A ∙ m) 0 699.7 0 695 
q&* N/(A ∙ m) 0 550 0 550 
κ&& C'/(N ∙ m') 11.2x10-9 0.08x10-9 11.2x10-9 0.08x10-9 
κ(( C'/(N ∙ m') 12.6x10-9 0.093x10-9 8.2x10-9 0.089x10-
9 µ&& N/A' 5x10-6 590x10-6 5x10-6 590x10-6 
µ(( N/A' 10x10-6 157x10-6 10x10-6 157x10-6 
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With this set of phase properties, two magnetoelectric constant coefficients 𝛼9: , two dielectric 
permittivity 𝜅9:, two magnetic permeability 𝜇9:, three piezoelectric 𝑒9:, three piezomagnetic 𝑞9:, 
and five elastic constants 𝐶9: can be calculated from equation (5.8).  
 
 




5.4.1.1 The Magnetoelectric Coupling Coefficients, 𝛼"" and 𝛼!! 
 
 
The magnetoelectric coefficients are two distinct constant coefficients only exist in 
multiferroic composite, which are absent in either BTO (piezoelectric phase) and CFO 
(Ferromagnetic phase). It is also called 0 + 0 → 1 product effect. This intriguing property signifies 
its potential for applications in many electronic devices.   
 
 
 (a) (b) 
FIG 5. 2 ME coefficient 𝜶𝟑𝟑 is dependent on volume concentration of inclusions’ phase 𝒄𝟏: (a) CFO-in-





















































   80 
 
The magneto-electric coupling coefficient 𝛼"" , as the volume concentration of inclusion 
changing,  𝛼""  has a relation with the changing volume concentration 𝑐! . For this part, five 
different aspect ratios of inclusions are selected to compare each other, which are 𝛽 =
0, 0.5, 1, 10,∞. The graphics are showing in figure 5.2, these lines represents the induced axial 
magnetization 𝐵" under a unit axial electric field 𝐸" (figure 5.2a), or conversely, the induced axial 
electric displacement, 𝐷" under a unit axial magnetic field 𝐻" of the composite (figure 5.2b). From 
both graphs, it is obvious that fibrous composite always provides the strongest magnetoelectric 
coupling, so 1-3 connectivity is more preferred over any other microstructures, such as the particle 
inclusion 0-3 connectivity of aspect ratio equal to 0.5,1,10, and the 2-2 connectivity crack-like 
with aspect ratio goes to infinite. For the case of CFO-in-BTO (piezomagnetic inclusion), the 
maximum quantity occurs during the volume concentration (CFO) 𝑐!  equal to 0.56, with a 
magnitude of about 30 x 10-10 C/(A.m.). For the case of BTO-in-CFO (piezoelectric inclusion) as 
showing in figure 5.2b, the maximum quantity occurs during the volume concentration (BTO) 𝑐! 
equal to 0.44, which is in terms of volume concentration of BTO plus volume concentration of 
CFO that in two cases equal to 1. Furthermore, if piezoelectric material BTO is inclusion, the 
maximum value at 28x10-10 C/ (A.m.), which is lower comparing with the maximum quantity in 
the case of CFO-in-BTO. For other four aspect ratios, in general, the maximum values for CFO-
in BTO (piezomagnetic inclusion) are higher than those for BTO-in-CFO (piezoelectric inclusion). 
Therefore, in terms of magneto-electric effect product 𝛼"", the CFO-in-BTO composite system is 
preferred than BTO-in-CFO. 
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                                              (a)                                                                             (b) 
FIG 5. 3 ME coefficient 𝜶𝟏𝟏 is dependent on volume concentration of inclusions’ phase 𝒄𝟏: (a) CFO-in-
BTO and (b) BTO-in-CFO. 
 
 
The results for α!! are showing in figure 5.3. It is obvious that the effective α!! for the crack-
like inclusions (2-2 connectivity) are much bigger than other different shape of inclusions. All the 
results of coefficient α!! are negative, which implies that a positive applied electric field will 
generate a negative magnetic flux density 𝐵!, or a positive applied magnetic field will generate a 
negative electric displacement 𝐷!. In both CFO-in-BTO and BTO-in-CFO, the crack-like structure 
generates the strongest magnetoelectric coupling α!! , and the curve of results are symmetric. 
Whether the inclusions are piezoelectric or piezomagnetic phase without any differences. The 
maximum quantity occurs in volume concentration of inclusions 𝑐! equal to 0.5 with an absolute 
value of 350 × 10>!= 𝐶 (𝐴 ∙ 𝑚)⁄ . Among the other four different shape of inclusions, the partial 
enlarged graphs are showing that the structure of spherical inclusions with aspect ratio equal to 0.5 
can generate largest effective coefficient α!! except crack-like inclusions, where the maximum 
quantity is approximately equal to 20 × 10>!= 𝐶 (𝐴 ∙ 𝑚)⁄  for case CFO-in-BTO, and the 
maximum quantity is approximately equal to 10 × 10>!= 𝐶 (𝐴 ∙ 𝑚)⁄  for case BTO-in-CFO. 
However, the microstructure of fibrous and oblate inclusions with aspect ratio equal to 10, the 
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for both CFO-in-BTO and BTO-in-CFO also reflect the strongest preferred microstructure of 
multiferroic composite is crack-like inclusions if only consider the effective coefficients α"" ,	α!!. 
 
 
5.4.1.2 The Piezoelectric Constants, 𝑒"!, 𝑒"" and 𝑒!$. 
 
 
The piezoelectric constants 𝑒9:  are existing in the relations between electric field 𝐸:  and 
mechanical stress 𝜎9, or the relations between mechanical strain 𝜀: and electric displacement 𝐷9. 
The variations of these constants as a function of volume concentration of different shape of 
inclusions, 𝑐!  are showing in figures 5.4, 5.5, and 5.6. As known that CFO is piezomagnetic 
material that without piezoelectric effect, the quantities are decreased as volume concentration of 
CFO phase varies between 0 and 1, or conversely that the quantities are increased as volume 
concentration of BTO phase varies between 0 and 1. The effective constants of 𝑒"! are negative, 
and 𝑒"", 𝑒!$ are positive. The 𝑐! and 𝛽 dependence as showing below display strong sensitivity of 
inclusions’ shape on the piezoelectric constants. 
 
 
(a)       (b) 
FIG 5. 4  Piezoelectric constant 𝒆𝟑𝟑 is dependent on volume concentration of inclusions’ phase 𝒄𝟏: (a) 
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 (a) (b) 
FIG 5. 5  Piezoelectric constant 𝒆𝟑𝟏 is dependent on volume concentration of inclusions’ phase 𝒄𝟏: (a) 




                                          (a)       (b) 
FIG 5. 6 Piezoelectric constant 𝒆𝟏𝟓 is dependent on volume concentration of inclusions’ phase 𝒄𝟏: (a) CFO-




5.4.1.3 The Piezomagnetic Constants, 𝑞"!, 𝑞"" and 𝑞!$ 
 
 
The piezomagnetic constants 𝑞9:  are strong in piezomagnetic phase CFO, but zero in 
piezoelectric phase BTO, so the quantities are increased as volume concentration of CFO phase 
varies between 0 and 1, or conversely that the quantities are decreased as volume concentration of 
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𝑞"!, 𝑞""  and 𝑞!$  respectively. The fibrous composite is seen to provide the strongest coupling 
effect for q"!	q"". The piezomagnetic constant 𝑞!$ reflects the induced axial shear stress 𝜎$ or 𝜎& 






   (a)       (b) 
FIG 5. 7  Piezomagnetic constant 𝒒𝟑𝟑 is dependent on volume concentration of inclusions’ phase 𝒄𝟏: (a) 




   (a)       (b) 
FIG 5. 8 Piezomagnetic constant 𝒒𝟑𝟏 is dependent on volume concentration of inclusions’ phase 𝒄𝟏: (a) 









































































































   85 
 
 
   (a)       (b) 
FIG 5. 9 Piezomagnetic constant 𝒒𝟏𝟓 is dependent on volume concentration of inclusions’ phase 𝒄𝟏: (a) 
CFO-in-BTO and (b) BTO-in-CFO. 
 
 
5.4.1.4 The Electric Permittivity 𝜅((and 𝜅&& 
 
 
The variations of electric permittivity 𝜅"" are showing in figure 5.10, and 𝜅!! are showing in 
figure 5.11. The constant 𝜅"" defines as the induced electric displacement 𝐷" in the axial direction 
by the axial electric field 𝐸". For 𝜅"", it is strongest with the fibrous inclusions, and the relation 
with volume concentration 𝑐! is closing to linear.  It is weakest with the crack-like inclusions. For 
𝜅!!, it is strongest with the crack-like inclusions and weakest with the fibrous inclusions. 
 
   (a)       (b) 
FIG 5. 10 Electric permittivity 𝜿𝟑𝟑 is dependent on volume concentration of inclusions’ phase 𝒄𝟏: (a) CFO-
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   (a)       (b) 
FIG 5. 11 Electric permittivity 𝜿𝟏𝟏 is dependent on volume concentration of inclusions’ phase 𝒄𝟏: (a) CFO-
in-BTO and (b) BTO-in-CFO. 
 
 
5.4.1.5 The Magnetic Permeability 𝜇!! and 𝜇"" 
 
The permeability of the multiferroic composite are shown in figure 5.12 and 5.13, respectively. 
It is obvious that magnetic permeability of CFO (ferromagnetic phase) is much higher than BTO 
(piezoelectric phase). Therefore, as the change of volume concentration of CFO inclusions from 0 
to 1, the effective µ!!  and µ""  change from the minimum quantity to maximum quantity. The 
results point out that the superiority of 1-3 connectivity for the physical property µ"", and 2-2 
connectivity for the transverse properties µ!! and µ%%. 
 
   (a)       (b) 
FIG 5. 12 Magnetic permeability 𝝁𝟑𝟑 is dependent on volume concentration of inclusions’ phase 𝒄𝟏: (a) 
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   (a)       (b) 
FIG 5. 13 Magnetic permeability 𝝁𝟏𝟏 is dependent on volume concentration of inclusions’ phase 𝒄𝟏: (a) 
CFO-in-BTO and (b) BTO-in-CFO. 
 
5.4.1.6 Five Elastic Constants, 𝐶!!,	𝐶!%,	𝐶!",	𝐶"" and 𝐶&& 
 
The five elastic constants are showing figures 5.14, 5.15, 5.16, 5.17 and 5.18. According the 
results, there is an increasing trend for CFO-in-BTO composite and decreasing trend for BTO-in-
CFO. Furthermore, for elastic constants 𝐶!!, 	𝐶!%and	𝐶!", the influences of aspect ratio are very 
tiny. The elastic constant C"" is also dependent on volume concentration of inclusion, but it is very 
weak also. The only unique elastic constant is C&&, which is highly depending on the volume 
concentration whether the composite is CFO-in-BTO or BTO-in-CFO. Its magnitude can be higher 
than either piezoelectric phase or piezomagnetic phase. 
 
   (a)       (b) 
FIG 5. 14 Elastic constant 𝑪𝟏𝟏 is dependent on volume concentration of inclusions’ phase 𝒄𝟏: (a) CFO-in-
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   (a)       (b) 
FIG 5. 15 Elastic constant 𝑪𝟏𝟐 is dependent on volume concentration of inclusions’ phase 𝒄𝟏: (a) CFO-in-
BTO and (b) BTO-in-CFO. 
 
 
   (a)       (b) 
FIG 5. 16 Elastic constant 𝑪𝟏𝟑 is dependent on volume concentration of inclusions’ phase 𝒄𝟏: (a) CFO-in-
BTO and (b) BTO-in-CFO. 
 
 
   (a)       (b) 
FIG 5. 17 Elastic constant 𝑪𝟑𝟑 is dependent on volume concentration of inclusions’ phase 𝒄𝟏: (a) CFO-in-
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   (a)       (b) 
FIG 5. 18 Elastic constant 𝑪𝟒𝟒 is dependent on volume concentration of inclusions’ phase 𝒄𝟏: (a) CFO-in-




5.5 The Magneto-electric Coupling Voltage Coefficient 𝜶𝑬𝟑𝟑 
 
 
The 17 important effective constants of the BTO-in-CFO and CFO-in-BTO have been studied 
in section 5.4, and they are found to be very sensitive upon the volume concentration 𝑐!. In this 
section, the magnetoelectric coupling coefficient 𝛼#"", which is an important quantity used to 
assess the performance of the multiferroic composites will be introduced in this section. The 
magneto-electric voltage coefficient of the composite is defined as magneto-electric coefficient 






The voltage coefficient 𝛼#""  represents the induced electric field 𝐸"  under an axial external 
applied magnetic field 𝐻".  Figure 5.19 illustrates the volume concentration 𝑐! dependence voltage 
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the magnitude of voltage coefficient 𝛼#"" reach peak. However, as the volume concentration 𝑐! 
further increase to 1, the voltage coefficient 𝛼#"" suddenly drop down and back to 0. According 
to the results shown in figure 5.19, as the increase of aspect ratio from 0 to infinity, the peak of 
voltage coefficient 𝛼#"" also increase. The maximum peak of fibrous composites (𝛼 → ∞) can 
reach approximate 1 𝑉 𝐴⁄ , but the multilayer composite only reaches 0.2 𝑉 𝐴⁄ .  
 
FIG 5. 19 Variations in magnetoelectric voltage coefficient 𝜶𝑬𝟑𝟑 with the volume concentration 𝒄𝟏 of BTO 







In this chapter, a mathematical model has been demonstrated for calculating the magneto-
electric coupling coefficients and total magneto-electro-elastic properties of a class of multiferroic 
composites. The composites include two phases, which are piezoelectric and piezomagnetic. The 
matrix can be either piezoelectric or piezomagnetic phase, and the inclusions can be either 
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the entire range from crack-like structure (2-2 connectivity) to fibrous structure (1-3 connectivity). 
Furthermore, the composites include 17 independent material constant moduli, whereas either 
piezoelectric or ferromagnetic only including 12 constant moduli. 
The created mathematical model is based on the Mori-Tanaka method that can be used to 
determine these 17 constant moduli. The challenge of this problem is to determine the Eshelby’s 
S-tensor for transversely isotropic spheroidal inclusions. Gaussian quadrature numerical procedure 
can be used to evaluate spheroidal inclusions’ components. Among these 17 independent constant 
moduli, the two most intriguing constants are magnetoelectric coupling coefficients, α"" and α!!. 
These two coefficients are absent in either piezoelectric or ferromagnetic phase, and they are 
depending on aspect ratio and volume concentration of inclusions. According to the results, for 
both CFO-in-BTO and BTO-in-CFO composites, the fibrous inclusion is the most favorable 
structure for α"", whereas the crack-like structure is the most preferred structure for α!!. Except 
these two intriguing constants, this chapter also has demonstrated the three piezoelectric constants, 
𝑒"! , 𝑒"" , and 𝑒!$ ; the three ferromagnetic constants, 𝑞"! , 𝑞""  and 𝑞!$ ; the two dielectric 
permittivity, κ""  and κ!! ; the two magnetic permeability, µ""  and µ!! ; and the five elastic 
constants, 𝐶!! , 𝐶!% , 𝐶!" , 𝐶"" , and 𝐶&&  depend on the volume concentration and aspect ratio of 
inclusions for both cases of CFO-in-BTO and BTO-in-CFO. 
This chapter only covers linear coupling of piezoelectric-piezomagnetic composites. For the 
next chapter, the nonlinear relations of ferroelectric-ferromagnetic will be considered. The study 
of nonlinear coupling would allow us to understand further about electric polarization switched 















In this chapter, we will focus on nonlinear magnetoelectric effects of the multiferroic systems. 
Even for the linear behavior of the system, the theoretical formulation of multiferroic composites 
is far more complicated than the problem of elasticity or electricity or magneticity alone. Before 
the magnetoelectric coupling can be formulated, we first establish the nonlinear constitutive 
relations of ferromagnetic/ferroelectric phase by using the irreversible thermodynamic principle 
and the evolution of the domains through the first level micromechanics model. Then, at the second 
level, the model is again applied to the two-phase multiferroic composites. In general, the model 
can be applied to any construction of the composites including different connectivity and shapes 
of the inclusions. To be able to compare with the existing experimental data [101], here the system 
with a tri-layered laminates of Terfenol-D/PZT/Terfenol-D magnetoelectric composites as shown 
in figure 6.1 will be adopted for numerical calculations. The arrangement of this work is as follows: 
i) the two-level micromechanics model will be addressed in section 6.2, ii) the results and 
discussion are given in section 6.3, and iii) the conclusions in section 6.4. 
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FIG 6. 1 Schematics of tri-layered Terfenol-D/PZT/Terfenol-D rectangular-shaped composite. Directions 




6.2 The Theory 
 
 
In this section, we first recap the linear constitutive relations of a multiferroic material in 
general. Then we outline a micromechanics-based model for the effective properties of a 
composite containing both piezomagnetic and piezoelectric phase. Once the fundamental linear 
constitutive relations of a multiferroic composite is established. We can extend the 
micromechanics-based model by incorporating the microstructure evolutions and irreversible 
thermodynamic principle to study the nonlinear behavior of the multiferroic system. At this stage, 
we consider the system at two different levels. At the first level, a single phase ferromagnetic or 
ferroelectric crystal can be treated as a two-phase composite due to the domain reorientations under 
the external field loading. Then the developed model can be readily applied to study the magneto-
mechanical coupling behavior of ferromagnetic crystals or electro-mechanical coupling behavior 
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been studied using micromechanics-based approach by the author and others extensively 
[3,12,13,18,19,80], here we only applied the model to ferromagnetic materials at this level. Then, 
at the second level, the nonlinear magnetoelectric effects of the multiferroic system can be 
evaluated by using the results from the first level and the developed micromechanics-based model 
of the multiferroic composites again.     
 
 
6.2.1 Linear Constitutive Equations of a Multiferroic 
 
 
As mentioned in section 6.1, the magnetoelectric effect of multiferroics can only be achieved 
through mechanical interactions due to the coupling behavior between magnetic and mechanical 
or electric and mechanical ones. There are eight ways to write the constitutive equations of a 
multiferroic [102]. It depends on the selection of independent variables from mechanical (such as 
stress and strain), electric (electric field and displacement) and magnetic (magnetic field and 
magnetic flux density). In the absence of body force and free charge, the system has to satisfy the 
equilibrium or Maxwell equations in mechanical or electric or magnetic fields.  These equations 
can be depicted as follows:  
𝜎9:,: = 0, 𝐷9,9 = 0, 𝐵9,9 = 0. (6.1) 
 
Where 𝜎 is the mechanical stress tensor, D, the electric displacement vector and B the magnetic 
flux density, respectively.  
In addition, the corresponding variables in mechanical strain 𝜀, electric field E and magnetic 




l𝑢9,: + 𝑢:,9m, 𝐸9 = −𝜙,9 , 	𝐻9 = −𝜑,9 . (6.2) 
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Where 𝑢9  is the mechanical displacement, 𝜙  electric potentials and 𝜑  magnetic potentials, 
respectively. 
Based on the similarity of these two set equations in (6.1) (divergence-free) and (6.2) 
(gradience), it is nature to choose independent set of variables (𝜎, D, B) as a pair and (𝜀, E, H) as 
the other. Then the constitutive equation can be written as: 
𝜎 = 𝐶𝜀 − 𝑒B𝐸 − 𝑞B𝐻
𝐷 = 𝑒𝜀 + 𝜅𝐸 + 𝛼𝐻
𝐵 = 𝑞𝜀 + 𝛼𝐸 + 𝜇𝐻
(6.3) 
 
According to the equations above, it is obvious that the diagonal terms elastic stiffness 𝐶 are 
measured under constant electric and magnetic fields, electric permittivity 𝜅 under constant strain 
and magnetic field, and magnetic permeability 𝜇 tensors are measured under constant strain and 
constant electric field. The off-diagonal 𝑒 and 𝑞 are piezoelectric and piezomagnetic constant 
tensors, and 𝛼 is the magnetoelectric coefficient. The superscript 𝑇 represents transpose of matrix. 
In order to make it clear and convenient to calculate, the constitutive equation (6.3) can be written 
in Voigt and Nye’s [103] contracted notations in matrix form as follows: 
 
𝑋9 = 𝐿9:𝑌: , 𝑖, 𝑗 = 1~12, (6.4) 
Where: 
 
𝑋 = [𝜎, 𝐷, 𝐵]B = [𝜎!	𝜎%	𝜎"	𝜎&	𝜎$	𝜎H	𝐷!	𝐷%	𝐷"	𝐵!	𝐵%	𝐵"]B
𝑌 = [𝜀, −𝐸,−𝐻]B = [𝜀!	𝜀%	𝜀"	𝜀&	𝜀$	𝜀H − 𝐸!	 − 𝐸% − 𝐸"	 − 𝐻!	 − 𝐻% 	− 𝐻"	]B
(6.5) 
 






 . (6.6) 
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Both of the vectors 𝑋 and 𝑌 include 12 elements, and 𝐿 is a 12 × 12 matrix. The elastic stiffness 
tensor 𝐶  is a 6 × 6 matrix, piezoelectric constants 𝑒  and piezomagnetic constants 𝑞  are 3 × 6 
matrices. Magnetic permeability 𝜇  and electric permittivity 𝜅  are 3 × 3  matrix, and the 
magnetoelectric coupling coefficient 𝛼 is a 3 × 3 matrix. Therefore, 𝐿 is mechanical, electric, 
magnetic coupling stiffness matrix. In order to make matrix 𝐿 diagonally symmetric, the electric 
field 𝐸 and magnetic 𝐻 are written as negative values. If a crystal is transversely isotropic with 





















𝐶!! 𝐶!% 𝐶!" 0 0 0 0 0 𝑒"! 0 0 𝑞"!
𝐶!% 𝐶!! 𝐶!" 0 0 0 0 0 𝑒"! 0 0 𝑞"!
𝐶!" 𝐶!" 𝐶"" 0 0 0 0 0 𝑒"" 0 0 𝑞""
0 0 0 𝐶&& 0 0 0 𝑒!$ 0 0 𝑞!$ 0
0 0 0 0 𝐶&& 0 𝑒!$ 0 0 𝑞!$ 0 0
0 0 0 0 0 𝐶HH 0 0 0 0 0 0
0 0 0 0 𝑒!$ 0 −𝜅!! 0 0 −𝛼!! 0 0
0 0 0 𝑒!$ 0 0 0 −𝜅!! 0 0 −𝛼!! 0
𝑒"! 𝑒"! 𝑒"" 0 0 0 0 0 −𝜅"" 0 0 −𝛼""
0 0 0 0 𝑞!$ 0 −𝛼!! 0 0 −𝜇!! 0 0
0 0 0 𝑞!$ 0 0 0 −𝛼!! 0 0 −𝜇!! 0





















The transversely isotropic electro-magneto-mechanical stiffness matrix 𝐿  includes total 17 
independent physical constants. The stiffness matrix 𝐶  has 5 constants, where 𝐶HH = (𝐶!! −
𝐶!%)/2. The piezomagnetic 𝑞 and the piezoelectric 𝑒 matrices have 3 constants each. And the rest 
three matrices for electric and magnetic permeabilities and the magnetoelectric coefficient are all 
with 2 constants each.  For piezoelectric materials, all piezomagnetic related components are equal 
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to zero. Similarly, for the piezomagnetic crystals, all piezoelectric related components are zero. 
The magnetoelectric coefficient 𝛼 (3×3) will be absent in both cases. In general, the multiferroic 





6.2.2 Effective electro-magneto-mechanical properties of multiferroic composites 
 
 
For a two-phase composite, Mori-Tanaka [59] method is found to be the most convenient way 
to study the elastic properties of the system. Even though it was developed for the elasticity of 
composites [57,58], it was further extended to study the magnetoelectric effects in multiferroic 
composites [46-47,52-56]. In most recent development, Weng’s group [45,97,104-105] has 
demonstrated the complete study on the linear effective electro-magneto-mechanical properties of 
multiferroic composites with/without interface effects.  In our study, we do not consider the 
interface effects in the multiferroic composites. Following their notations by taking the inclusions 
as phase 1 and the matrix as phase 0 with respective volume concentrations as 𝑐! and 𝑐= and phase 
moduli 𝐿! and 𝐿=, the effective magneto-electro-elastic moduli of a multiferroic composite can be 
written analogously as: 





where 𝑆 is the electro-elastic or magneto-elastic Eshelby’s S-tensor. It depends on the property of 
the matrix phase and the shape of the inclusion. And I is the identity tensor. The magneto-electro-
elastic S-tensor has been studied, reviewed and summarized by Wang and Weng [104]. Especially 
S-tensor for lamellar composites is the most attractive one since it can be obtained explicitly, and 
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the ME effects are the strongest in this type of composites. In our study, we adopt the 2-2 type 
lamellar composite with ferromagnetic as the outer layers (shown in figure. 6.1) or matrix. Then 
the S-tensor can be found in [62, 104], and it is given as:  
S"! = S"% =
q"!q"" + C!"µ""
q""% + C""µ""
S$,!= = S&,!! =
q!$
C&&
S!%,! = S!%,% =
−C""q"! + C!"q""
q""% + C""µ""




Once the S-tensor and the piezoelectric and piezomagnetic properties are given, the effective 
electro-magneto-elastic property matrix L can be determined through equation (6.8) in terms of 
the volume concentration 𝑐!and 𝑐=, where 𝑐! + 𝑐= = 1.  
 
 
6.2.3 First Level Model for Nonlinear Behavior of a Ferromagnetic Material 
 
 
Before we can move on to study the nonlinear magnetoelectric effects of multiferroic 
composites, we first need to obtain the nonlinear hysteresis behaviors of individual phase such as 
ferromagnetic or ferroelectric phase. As we mentioned in the beginning of section 6.2, nonlinear 
behaviors of ferroelectrics have been studied extensively using micromechanics-based approach. 
Due to the similar hysteresis loops of ferroelectrics and ferromagnetic crystals, the model can be 
readily applied to ferromagnetics. Here we focus on the nonlinear hysteresis behavior of 
ferromagnetic materials under an external applied magnetic field. This also provide us a 
convenient way to compare with the existing experimental data in the literature. Like ferroelectric 
crystals, a ferromagnetic crystal consists different domains. The domains will rotate under the 
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external magnetic field loading, and which is the main reason to form nonlinear hysteresis loops 
of a ferromagnetic material [106]. We start from the linear constitutive relations of a piezomagnetic 
material. In rectangular Cartesian coordinate system, it can be reduced from equation (6.3) by 
eliminating the electric counterpart as 
𝜎 = 𝐶𝜀 − 𝑞B𝐻
𝐵 = 𝑞𝜀 + 𝜇𝐻
	
(6.10) 
In general, the external loadings are given as force (stress) and magnetic field, the above equation 
(6.10) is not convenient to use. Instead, we adopt the following constitutive equations [102] 
𝜀 = 𝑆a𝜎 + 𝑝B𝐻
𝐵 = 𝑝𝜎 + 𝜇*𝐻.
(6.11) 
 
Where 𝜎 and 𝐻 are external applied stress and magnetic field; 𝜀 and 𝐵 are the corresponding strain 
and the magnetic flux density. Furthermore, the diagonal matrices 𝑆a and 𝜇*represent the elastic 
compliance measured under constant H, and the magnetic permeability 𝜇*measured under a 
constant stress, respectively. Here we can denote them as S and µ for simplicity. The off-diagonal 
matrix 𝑝 is the inverse piezomagnetic constants. The superscript 𝑇 means the transpose of the 
matrix. Similar to equations (6.4-6.6), the constitutive equations can be further expressed in a 
unified matrix form as: 
 














d . (6.14) 
Here M is the 9 × 9  magneto-elastic compliance matrix. The submatrices in equation. (6.14) 
indicate the elastic compliance matrix S which is a 6 × 6 matrix; the coupling piezomagnetic 
constant matrix 𝑝  (6 × 3) and the magnetic permeability matrix 𝜇  (3 × 3), respectively. The 
indices 𝑖 or 𝑗 in equation (6.12) runs from 1 to 9 with 1 to 6 corresponding to the mechanical field 
and 7-9 to the magnetic field, respectively. The column X indicates the applied fields with the first 
6 as the stress filed 𝜎 and the last 3 as the magnetic field H. The corresponding strain 𝜀 and the 
magnetic flux density B are denoted as Y in the unified expression as shown in equation (6.13). 
For a transversely isotropic crystal with the 3-direciton as symmetric one, and the 1-2 plane 
















𝑆!! 𝑆!% 𝑆!" 0 0 0 0 0 𝑝"!	
𝑆!% 𝑆!! 𝑆!" 0 0 0 0 0 𝑝"!	
𝑆!" 𝑆!" 𝑆"" 0 0 0 0 0 𝑝""	
0 0 0 𝑆&& 0 0 0 𝑝!$	 0
0 0 0 0 𝑆&& 0 𝑝!$	 0 0
0 0 0 0 0 𝑆HH 0 0 0
0 0 0 0 𝑝!$	 0 𝜇!!* 0 0
0 0 0 𝑝!$	 0 0 0 𝜇!!* 0
















Equation (6.12) can be written reversely as follows, 
𝑋9 = 𝐿9:6𝑌: ,				𝑖, 𝑗 = 1~9 (6.16) 
 
where the matrix 𝐿9:6 is inverse of matrix 𝑀9:, so 𝐿	6 = 𝑀>! . One needs to pay attention that 𝐿	6 
here is not identical to or simple reduction of L in equations (6.6) and eq. (6.7) due to the switch 
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of the independent variables from (e, H) to (𝜎,𝐻). The relation between the two can be found in 
[97] and will be discussed later.  
In order to take into account of the influence of domain rotation on nonlinear hysteresis 
behavior of ferromagnetic materials. The ferromagnetic system can be treated as a two-phase 
composite consisting parent domain (phase 0) and rotated domain (phase 1). Then a 
micromechanics model can be readily used to study the magneto-mechanical coupling behavior. 
In this model, the volume concentrations for each phase are 𝑣= and 𝑣!, with the relation of 𝑣= +
𝑣! = 1. The nonlinear behavior is due to the growth of volume concentration of rotated domain 
(phase 1).  The framework of this model for nonlinear coupling behaviors of ferroelectrics can be 
traced back to Weng and Li’s works [3,12]. Parallel to their works on ferroelectrics, we can follow 
the similar procedure to study the ferromegnetics. They demonstrated that the evolution of the new 
domain under the applied external loadings can be evaluated by irreversible thermodynamics 
principle. For a ferromagnetic system, we denote the applied loading  𝑋\ = (𝜎\, 𝐻v)T. Then the Gibbs 
free energy G of the system can be determined under the external loading as: 
 
𝐺(𝜎\, 𝐻v, 𝑣!) =
1
2n𝑋





Where 𝑌@' = (𝜀@' , 𝐵@') is the eigen field due to domain rotation (superscript “dr”), which includes 
eigen strain 𝜀@'  and eigen magnetic flux density 𝐵@' . 𝑌\ = (𝜀,̅ 𝐵\) T is the overall strain and 
magnetic flux density response of the ferromagnetic system.  When there is no rotation of the 
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In equation (6.18),  𝑌=v
	  represents the overall magneto-mechanical response without domain 
rotation, which can be solved by the linear constitutive relation 𝑌=v
	 = 𝑀=𝑋\ 	, with 𝑀= represents 
magneto-mechanical constants of the parent domain phase 0. Recall the irreversible 
thermodynamics principle, it is the difference between G and G0 that provides the driving force 






Δ𝐺 = 𝐺 − 𝐺= = −
1
2𝑣!
l𝑋z + 𝑋\MNm𝑌@'B −
1
2𝑣!𝑋
\(2𝑌@' + 𝑌∗)B (6.20) 
 
where G is the total Gibbs’ free energy of the system. Δ𝐺 means the change of Gibbs’ free energy.  
and: 
𝑋z + 𝑋\MN = [𝐵!(𝑣!𝐵! + 𝑣=𝐼)>! − 𝐼]𝑋\ + [𝑣!𝐵!(𝑣!𝐵! + 𝑣=𝐼)>! − 𝐼]𝐵!𝐿=6(𝐼 − 𝑆)𝑌@)
𝑌∗ = −[Δ𝐿(𝑣!𝐼 + 𝑣=𝑆) + 𝐿=6]>!Δ𝐿𝐿=6
>!𝑋\ − 𝑣=(𝐼 − 𝑆)𝑌@)







In the above equation (6.21), 𝑌∗ is the eigen field due to inhomogeneity, and S is the piezomagnetic 
Eshelby’s tensor. It is studied by Mikata [29] with the lamellar inclusion in a transversely isotropic 
matrix, so the results of Eshelby’s tensor can be applied to our study directly. It needs to be 
mentioned that the magneto-mechanical moduli of parent domain 𝐿=6 and rotated domain 𝐿!6 do 
not have significant differences since they are the identical crystals. Therefore, we can take 𝐿=6 =
𝐿!6, and 𝑌∗ = 0. Equation (6.21) can be further simplified as: 
𝑋z + 𝑋\MN = (1 − 𝑣!)𝐿=6(𝐼 − 𝑆)𝑌@' (6.22) 
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As the new rotated domain grows, it is also accompanied by a resistance force which can be 
attributed mainly from two sources: the surface energy of the domain wall and the dissipation 
energy due to the pinning by defects or the movement of the domain wall. In terms of the surface 
energy density 𝛾) and the total surface area 𝐴! and the volume of 𝑉! of rotated domain: 




And the dissipation energy is given as: 
Δ𝐺@ = 𝑛(𝑒O"b! + 𝑒>O!b! − 2) (6.24) 
 
The double exponential function expresses that it will reduce to zero if there is no domain rotation. 




= 𝛾)𝐴! + 𝑛(𝑒O"b! + 𝑒>O!b! − 2) (6.25) 
 
To be able to start the rotation of the domain, the driving force must overcome the resistance force 
which gives rise to 𝑓@'b = 𝑅@'. It can be expressed more explicitly under an approximation of 




= 𝛾)𝐴! + 𝑛(𝑒O"b! + 𝑒>O!b! − 2) (6.26) 
 
Equation (6.26) is the kinetic equation of the domain rotation which can provide the evolution of 
the volume concentration 𝑣!	 of the rotated domain. Recall the constitutive equation of 
piezomagnetic material, the overall magneto-mechanical relations can be calculated by the given 
external loading and the new domain concentration 𝑣!. The response field 𝑌\ = (𝜀,̅ 𝐵\) T can be 
obtained as 
𝜀̅ = 𝑆𝜎 + 𝑝B𝐻 + 𝑣!𝜀@'
𝐵\ = 𝑝𝜎 + 𝜇*𝐻 + 𝑣!𝐵@'
(6.27) 




This set of equations can be used to evaluate the development of the overall nonlinear magneto-
mechanical response under an increasing external applied stress and/or magnetic field. The elastic, 
piezomagnetic constants and magnetic permeability are for parent domain phase, so this pair of 
equation is not limit to the approximation of 𝐿=6 = 𝐿!6.  
 
 
6.2.4 Verification of the Model at the First Level 
 
So far, the first level micromechanics model has been established to study nonlinear hysteresis 
loops of the ferromagnetic materials. To verify the developed model, we compare the theoretical 
calculations with the existing experimental data [101]. In this case, the external applied field is 
only magnetic field, therefore equation (6.27) is reduced to  
𝜀̅ = 𝑝B𝐻 + 𝑣!𝜀@'




Table 6.1 shows the compliance constants S, piezomagnetic constants p and magnetic 
permeability 𝜇 , which are used in the theoretical calculations for the nonlinear behavior of 
ferromagnetic material Terfenol-D [107]. 
 
Table 6. 1 Piezomagnetic material (Terfenol-D) constants used in numerical calculations [107]. 
Elastic Stiffness S 
(× 10>!%m%/N) 
 





𝑺𝟏𝟏 𝑺𝟑𝟑 𝑺𝟏𝟐 𝑺𝟏𝟑 𝑺𝟒𝟒 𝒑𝟑𝟏	  𝒑𝟑𝟑	  𝒑𝟏𝟓	  𝝁𝟏𝟏	  𝝁𝟑𝟑	  
17.9 17.9 -5.88 -5.88 26.3 5.3 11 28 6.29 6.29 
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Figure 6.2 shows the comparison between the theoretical calculation and the experimental data 
[101] for the magneto-strictive strain vs the applied external magnetic field 𝐻). According to the 
graph, the strain increases rapidly as the applied magnetic field increases from zero to the 
maximum, and it reaches the maximum of 0.00139 while 𝐻) =  319,080	𝐴/𝑚. When the magnetic 
field decrease to zero, the experimental data is hard to show the hysteresis loop. When the reversed 
direction of applied magnetic field is applied, the strain again will reach the maximum of 0.00139 
while 𝐻) is equal to  −319,080	𝐴/𝑚.  As shown in figure 6.2, the strain is symmetric with respect 
to the direction of the loading. Furthermore, the predicted result is in a good agreement with 
experimental data, and it is following the trend of experimental result closely.  
 
 
FIG 6. 2 Comparison between the theoretical calculation and experimental data [101] for the magneto-




In order to demonstrate the nonlinear property of the system, the equation (6.28) can be 

























◆ ◆ Experimental Data
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large external magnetic field. Figure 6.3 shows this coefficient 𝑝"")  related to the applied external 
magnetic field, which is the ratio of the magnetic field to 𝐻"" = 𝐻)	to the corresponding magneto-
strictive strain e33. The calculated result is also matching well with the experimental data, and it 
reaches the maximum value of 2 × 10>cm/A  approximately. As 𝐻)  increases from zero, 𝑝"")  
increases until reaching to the peak. Then, it decreases rapidly as further increase of the magnetic 
field to the maximum of 319,080	A/m. When the reversed direction of the magnetic field is 
applied, ferromagnetic coefficient 𝑝"")  becomes negative, but it still follows the same trend as the 
positive 𝐻). Therefore, the plot of ferromagnetic coefficient 𝑝"")  with respect to the magnetic field 
is antisymmetric to the initial point 0.  
 
 
FIG 6. 3 Piezomagnetic coefficient 𝒑𝟑𝟑𝒔  with the static magnetic field 𝑯𝒔 for the Terfenol-D plate. 
 
 
Figure 6.4 is showing the predicted results of magnetic flux density B and the 
corresponding magnetic permeability 𝜇"")  with the static magnetic field 𝐻) . The range of flux 
density B is approximately from -1 T to 1 T, where the permeability 𝜇""*  is the slope of flux density. 
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As 𝐻) increases from zero to maximum 319,080 A/m, 𝜇"")  decreases rapidly from approximately 
25 × 10>H H/m to zero. When 𝐻) is reversed, 𝜇""*  depends to magnetic field remains the same as 
𝐻)  is positive. After demonstrating the nonlinear behavior of Terfenol-D plate, the moduli of 
piezomagnetic constant 𝑑""6  and magnetic permeability 𝜇""*  will be applied to study the lamellar 
magneto-electro-mechanical composite Terfenol-D/PZT/Terfenol-D in the following section 6.3. 
 
 
FIG 6. 4 The predicted results of magnetic flux density and magnetic permeability 𝝁𝟑𝟑𝝈  with the static 






6.2.5 Second Level Model for Magnetoelectric Effects of Multiferroic Composites 
 
 
Once the nonlinear coupling behaviors of ferromagnetic and/or ferroelectric phases can be 
studied at the first level described above in subsection 6.2.3 and 6.2.4, the micromechanics-based 
approach again can be used at the second level to evaluate the overall nonlinear magneto-electric-
mechanical behaviors of multiferroic composites. Here two issues still remain to be resolved: (i) 
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As mentioned in section 6.2.3, the settings in 𝐿6 and L are different. The tensors (S, p) in 𝐿6  need 
to be converted to (C, q) in L. (ii) Because equation. (6.8) represents the linear effective properties 
of the multiferroic composites, this set of the moduli cannot be directly reused in the nonlinear 
case. So, we introduce secant moduli concept to resolve the nonlinear behavior of the composites.  
Now, we address these two issues. 
 
 
6.2.5.1 Conversion Between (𝑆, 𝑝) and (C, q) 
 
 
Due to the choice of independent set of variables, the stiffness matrix L in equation (6.6) and 
Lm in equation. (6.16) are not the same. We first need to unify all the material property matrix into 
the same setting of the independent variables. For a multiferroic composite, here we choose phase 
0 as ferromagnetic phase and phase 1 as the piezoelectric phase. In section 6.2.3, the compliance 
matrix of ferromagnetic material has been simplified as equation (6.14) in the absence of 
piezoelectric. In order to evaluate the effective properties of a multiferroic composite given in 






 . (6.29) 
 
The inverse of this compliance matrix gives rise to [97] 




 . (6.30) 
 
Equation (6.30) is different comparing to equation (6.6) which can be rewritten for a ferromagnetic 
phase 0 as: 
 






 . (6.31) 
As suggested in [97], there are co-relations among all different sets of the independent variables. 





Once we know (𝑆, 𝑝), (C, q) can be calculated through (6.32). 
 
 
6.2.5.2 The “Secant” Moduli Approach 
 
 
To extend the linear theory of a composite to a nonlinear one, one of the most widely used 
approaches is the secant moduli [19]. For instance, a secant Young’s modulus 𝐸) can be defined 
as the ratio of stress to total strain  𝐸) = *
d
. At each given stage, the stress and strain relations 
follow the linear Hooke’s law. When the applied field is increasing, the secant elastic modulus 
decreases if the material is plastic, and it gives rise to the final nonlinear curve of the system. In 
this study, the nonlinear constitutive relation given in equation. (6.27) under the magnetic field 
loading only can be recast as 
𝜀̅ = 𝑝B𝐻 + 𝑣!𝜀@' = 𝑝)B𝐻
𝐵\ = 𝜇	𝐻 + 𝑣!𝐵@' = 𝜇)𝐻.
(6.33) 
 
Where the superscript “s” represents “secant”, which is more clearly expressed the nonlinear 
behavior of magneto-mechanical system. Obviously, the secant moduli are the nonlinear functions 
of evolution volume concentration 𝑣! and the material properties of the system. Similarly, the 
nonlinear behavior of ferroelectric can also be studied using the secant moduli approach [19]. At 
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the second level of a multiferroic composite, each individual phase properties given in equation. 
(6.8) can be replaced by the secant moduli. Then the overall nonlinear properties of the composite 




6.3 Results and Discussion 
 
 
Now we can apply the developed two-level micromechanics-based theory to study the 
nonlinear behavior of a multiferroic composite. In order to compare with existing experimental 
data, we chose the system as shown in figure 6.1. The matrix phase 0 is the two outer layers made 
of Terfenol-D and its nonlinear behavior has been studied in section 6.2.3 and 6.2.4 at the first level. 
Phase 1 is the piezoelectric material PZT. The material constants of PZT are listed in Table 6.2 
[108], where the 𝐶9:  denotes the elastic stiffness, 𝑑  is piezoelectric constants and the 𝜅  is the 








Piezoelectric Constants       
(× 10>!%	NC>!) 
Permittivity 
𝜅d 𝜀=¶  
𝑪𝟏𝟏 𝑪𝟑𝟑 𝑪𝟏% 𝑪𝟏" 𝑪𝟒𝟒 𝒅"𝟏 𝒅𝟑𝟑 𝒅𝟏𝟓 𝜿!𝟏 𝜺𝟎¶  
𝜿𝟑𝟑 𝜺𝟎¶  
12.7 11.7 8.0 8.5 2.3 -274 593 741 1700 1470 
 
 
Terfenol-D and PZT are two widely considered materials which can be constructed to form 
multiferroic composites to study the coupling behavior under applied field with a constant 
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frequency or multiple frequencies, but most of them only focus on the magnetoelectric coupling 
coefficient of the multiferroic composites at a given volume concentration. Here we not only study 
the ME effects, but also other physical properties of the system in terms of the volume 
concentration of the piezoelectric phase.  In addition, we will also cover the magnetoelectric 
voltage coefficient, which is defined as 𝛼#"" =
𝛼"" 𝜅""¶ . This is another crucial effective 
coefficient in the measurement of magnetoelectric coupling. All the material constants of each 
phase are listed in Table 6.1 and 6.2.   
 
 
6.3.1 The Nonlinear Magnetoelectric Coefficient 𝛼"" 
 
 
The magnetoelectric coupling coefficients are often considered as the most important merit in 
a multiferroic composite, due to its potential for application in many electric devices. The 
coefficient 𝛼"" is represents the induced axial electric displacement under a unit axial magnetic 
field. Figure 6.5 shows the variation of 𝛼"" as a function of external applied magnetic field 𝐻" =
𝐻)  for the Terfenol-D/PZT/Terfenol-D multilayer composites, with four different volume 
concentrations 0.01, 0.2, 0.4, 0.6, 0.8 and 0.99, respectively. The range of the magnetic field is 
from −309,080	A/m to 309,080	A/m. We can observe that as the magnetic field increases from 
zero towards to the maximum 𝐻), the magnetoelectric coupling coefficients 𝛼"" first increases and 
reaches the maximum peak quickly, and then decreases to the minimum with a further increase of 
magnetic field 𝐻). It is anti-symmetric with respect to the direction of the loading. On the other 
hand, as the volume concentration of piezoelectric material PZT increases, the peak position moves 
toward the higher magnitude of 𝐻), and the effective coupling coefficient is enhanced considerably. 
For the case of PZT volume concentration equal to 0.2, the maximum coupling coefficients occurs 
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at around  𝐻) = 24,000	(A/m)  with a magnitude of about 1.5 × 10>!=C/(A · m) , then it 
decreases down to almost zero as the magnetic field 𝐻) continues to increase. Furthermore, the 
maximum ME coefficient value increases as the volume concentration of PZT increases, which 
indicates that more PZT inclusions enhance the ME effects further. The result for PZT volume 
concentration of 0.8 is showing a similar trend, but the peak occurs at around 𝐻) = 60,000	(A/m) 
with a magnitude of about 12 × 10>!=C/(A · m)	which is more than seven times comparing to the 
one of 𝑐! = 0.2. Under this loading direction 3 of magnetic field 𝐻" the ME coupling behavior 
along direction 1 still remains linear. 
 
 
FIG 6. 5 Variations in magnetoelectric coupling coefficient 𝜶𝟑𝟑 with the static magnetic field 𝑯𝒔 for the 








PZT volume concentration 0.99
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PZT volume concentration 0.6
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6.3.2 The Nonlinear Ferromagnetic Coefficients 𝑞"! and 𝑞""  
 
 
The ferromagnetic coefficient 𝑞 is connecting to the induced mechanical stress 𝜎 under the 
applied magnetic field, or the induced magnetic flux density by the applied mechanical strain. 
Based on the magnetoelectric effect introduced by Suchtelen in 1972 [5], an electric displacement 
can be induced by an applied external magnetic field through the mechanical interaction. The 




. In the 
absence of ferromagnetic or ferroelectric phase, no ME effect can be produced. In the case of 2-2 
type of multiferroic composite studied here, the ferromagnetic coefficient 𝑞  is the most important 
property to transfer the magnetic field through mechanical response to electric field which finally 
gives rise the ME effects of the system. For a transversely isotropic multiferroic composite, 
𝑞	consists three independent components q31, q33 and q15. Under the applied magnetic field along 
the 3-direction 𝐻", only q31 and q33 of the composite can be obtained. Figure 6.6 and figure 6.7 
show the calculated results of q31 and q33 in terms of applied magnetic field at various volume 
concentrations of PZT, respectively. For q31, which represents the induced transverse stress σ1 by 
the axial magnetic field of 𝐻", all of them increase rapidly as the magnetic field increases until 
they reach to the saturated values, and they are symmetric with respect to the direction of the 
applied magnetic field. In addition, the ferromagnetic coefficient 𝑞"!  decreases as the volume 
concentration of piezoelectric material PZT increases at a given applied magnetic field which is 
consistent with the linear behavior of the system [97]. At the PZT volume concentration of 0.2, 
the saturation value of 150 N/(A · m) can be reached at lower magnetic field around 200,000	A/m. 
When the PZT volume concentration increases, the saturation value of 𝑞"! is harder to reach which 
requires higher magnetic field loading.  
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FIG 6. 6 Variations in ferromagnetic coefficient 𝒒𝟑𝟏 vs the applied magnetic field 𝑯𝒔 for the multilayer 
composite at different piezoelectric volume concentrations 𝒄𝟏. 
 
 
For the case of 𝑞""	as shown in figure 6.7, the antisymmetric with respect to the magnetic 
loading direction is similar to the magnetoelectric coupling coefficient 𝛼"", but its dependency in 
terms of the PZT volume concentration is reversed. The peak value of the effective 𝑞"" of the 
composite decreases with increasing c1. This is consistent with the linear behavior of the system 
and it is evident that less ferromagnetic phase results lower ferromagnetic constant. The 
piezomagnetic constants 𝑞"! and 𝑞"" are significantly strong in ferromagnetic material Terfenol-
D, but zero in PZT. Therefore, the effective ferromagnetic properties 𝑞"! and 𝑞"" of the composite 
should decrease from the highest value of Terfenol-D to zero of the matrix PZT as the volume 
concentration 𝑐! increase from 0 to 1. Figure 6.7 shows that the maximum effective 𝑞"" reaches 
up to 600	N/(A · m) for the case of 𝑐! equal to 0.2 and drops down to around 300	N/(A · m) for 
the case of 𝑐! equal to 0.8, which is in good agreement with the discussion above. The volume 
PZT volume fraction 0.8
PZT volume fraction 0.6
PZT volume fraction 0.4
PZT volume fraction 0.2
PZT volume fraction 0.01
PZT volume fraction 0.99
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concentration 𝑐! dependence as shown in figure 6.6 and figure 6.7 displays strong influence on 
ferromagnetic coefficients 𝑞"! and 𝑞"". 
 
FIG 6. 7 Variations in ferromagnetic property 𝒒𝟑𝟑  vs the applied magnetic field 𝑯𝒔 for the multilayer 




6.3.3 The Nonlinear Behavior of Magnetic Permeability 𝜇"" 
 
 
The magnetic permeability 𝜇""  is another important effective property for the Terfenol-
D/PZT/Terfenol-D composite, which is defined as the ratio of the induced flux density 𝐵" along 
the poling direction to the axial magnetic field 𝐻". Similar to q, the magnetic permeability 𝜇""  
will reduces to the magnitude in piezoelectric materials since the volume concentration 𝑐! 
increases to 1. Figure 6.8 shows the variations in magnetic permeability 𝜇"" vs the static magnetic 
field 𝐻) of the multi-layer composite with different piezoelectric PZT volume concentrations 𝑐!. 
It varies from 𝜇""d  of ferromagnetic material to the magnitude of piezoelectric materials as the 
volume concentration 𝑐! varies from 0 to 1. Its peak value of 25 × 10>HN/A% for the composite 
PZT volume concentration 0.99
PZT volume concentration 0.8
PZT volume concentration 0.6
PZT volume concentration 0.4
PZT volume concentration 0.2
PZT volume concentration 0.01
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with twenty percent of piezoelectric material PZT, will be significantly dropped down to 
10 × 10>HN/A% , and it is very week (0.000012N/A%)  in the composite with volume 
concentration 𝑐! equal to 0.8.  
 
 
FIG 6. 8 Variations in magnetic permeability 𝝁𝟑𝟑  vs the static magnetic field 𝑯𝒔  for the multilayer 




6.3.4 Comparison With Experiment 
 
 
So far, some important effective nonlinear properties of the Terfenol-D/PZT/Terfenol-D 
multiferroic composite such as magnetoelectric coupling coefficients 𝛼"", ferromagnetic constants 
𝑞"! and 𝑞"" , and magnetic permeability 𝜇""  have been studied, and they are found to be very 
sensitive upon the volume concentration 𝑐!. In this section we will cover the voltage coefficients 
𝛼#"", which is highly related to the magnetoelectric coupling coefficient 𝛼"", through the relations 
PZT volume concentration 0.99
PZT volume concentration 0.8
PZT volume concentration 0.6
PZT volume concentration 0.4
PZT volume concentration 0.2
PZT volume concentration 0.01
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of: 𝛼#"" = 𝛼"" 𝜅""⁄ . The voltage coefficient 𝛼#"" represents the induced electric field 𝐸" under an 
axial external applied magnetic field 𝐻" , and where the 𝜅""  is the electric permittivity of the 
magnetoelectric composite along the direction 3. In figure 6.9, the volume concentration 𝑐! 
dependence voltage coefficient 𝛼#"" is illustrated. For the range of volume concentration 𝑐! from 
0.2 to 0.6, the maximum peak increases as their corresponding 𝑐!  increases. However, as the 
volume concentration 𝑐!  further increases, the peak of voltage coefficient 𝛼#""  drops down. 
According to the results in figure 6.9, the volume concentration of PZT equal to 0.6 in Terfenol-
D/PZT/Terfenol-D composite shows the maximum magnitude of voltage coefficient 𝛼#"" around 
4.2	𝑉/𝐴  under static magnetic field of 40000𝐴/𝑚 . To make a comparison, we adopted the 
experimental results from Zhao [101]. A Terfenol-D/PZT/Terfenol-D laminate composite was 
studied by Zhao, and the volume concentration of PZT 𝑐!  is 0.28125. Figure 6.10 shows the 
predicted results comparing with experimental data, where the red curve represents the predicted 
results. It is obvious that our theory can predict the voltage coefficient 𝛼#""  substantially. 
Comparing with the experimental data, the peak of predicted voltage coefficient 𝛼#""  is 
approximately equal to 2.9 V/A, which is a little bit smaller and shift slightly than the experimental 
data. However, it is still following the trend well with experimental results.  
   118 
 
 
FIG 6. 9 Variations in magnetoelectric voltage coefficients 𝜶𝑬𝟑𝟑 with the static magnetic field 𝑯𝒔 for the 






FIG 6. 10 Comparison between magnetoelectric voltage coefficients 𝜶𝑬𝟑𝟑 under volume concentration 
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In this work, the experimental results such as variations of strain 𝜀 versus magnetic field 𝐻) 
and its piezomagnetic constant 𝑑""6  of Terfenol-D plate have been studied first. In addition, a 
micromechanics-based approach by developing from irreversible thermodynamic principle to be 
used to model the experimental data. In general, the model can predict strain 𝜀 versus magnetic 
field 𝐻) and its slope that is piezomagnetic constant 𝑑""6  substantially, and also the magnetic flux 
density B and its slope that is magnetic permeability 𝜇""*  can be predicted either. Then, a 
composite theory is built upon Mori-Tanaka method to be developed to study two phase Terfenol-
D/PZT/Terfenol-D lamellar multiferroic composite depending on the volume concentration 𝑐! of 
PZT, where Terfenol-D is ferromagnetic phase whereas material PZT is piezoelectric phase. 
Combining with the micromechanics-based approach on Terfenol-D plate, Some of the important 
coupling effective moduli such as magnetic permeability 𝜇""  and magnetoelectric coupling 
coefficient 𝛼"" of the composite have been investigated as a function of external applied magnetic 
field 𝐻) . The results demonstrate that volume concentration of PZT 𝑐!  highly impact these 
effective moduli under a static magnetic field 𝐻) . Furthermore, the experimentally measured 
voltage coefficient 𝛼#""  also is demonstrated. The predicted result can capture the trend of 
experimental data well, but it shifts slightly comparing with experimental result. The reason why 
predicted results shift slightly is that the interface impact is not considered in this approach. 














In the study of ferroelectric composites, a frequency-dependent micromechanics approach has 
been developed to study the electromechanical behavior under an external applied electric field. 
In our current model, the behavior of volume concentration dependence and the inclusion shape 
dependence also is introduced. However, the frequency-dependent micromechanics approach still 
can be extended to study ferroelectric composites under different kind of applied fields such as 
stress field, and electric field plus stress field together. The ferroelectric response under different 
applied fields, and by incorporating with the impact of frequency, volume concentration and aspect 
ratio of inclusion remaining an intriguing problem to be solved. Furthermore, the current model is 
focusing on the composite materials. The study on ferroelectric materials consists of multiple 
metallic elements will go beyond the continuum mechanics level and account for advanced 
theories in chemistry, atomic theories and quantum mechanics.  
For the multiferroic composites, our current study covers both linear and nonlinear behaviors, 
which are piezoelectric-piezomagnetic and magneto-strictive-piezoelectric composites. However, 
the current study only involves in perfect bounding between piezoelectric and piezomagnetic phase. 
In the reality, the multiferroic composites joint by epoxy or other special glues. Therefore, the 
imperfect interface plays a crucial role in the determination of effective physical properties. In the 
future, the imperfect interface of nonlinear multiferroic composites between matrix and inclusions 








Determination of Eshelby’s S-tensor for Magneto-electro-elastic Composites 
 
 
The electro-magneto-elastic S-tensor has been studied by several authors such as Li and Dunn 
[54], Mikata [62] et al. Here we summarize the process of determining S-tensor briefly. This 
method enables multiferroic composites with ellipsoidal inclusions embedded in transversely 
isotropic matrix, and the aspect ratio can range from 0 to ∞. The governing equations involves in 
stress 𝜎9: , strain 𝜀6P , displacement 𝑢6  and body force 𝑓:  for mechanical properties. Electric 
displacement 𝐷9, magnetic flux density 𝐵9, electric field 𝐸P, magnetic field 𝐻P, electric potentials 
∅ and magnetic potentials 𝜑 for magneto-electric properties. 𝐶9:6P, 𝜅9P, 𝜇9P, 𝑒P9:, 𝑞P9: are elastic 
moduli, electric permittivity tensor, magnetic permeability tensor, piezoelectric tensor and 















𝐶𝑖𝑗𝑚𝑛		for		𝐽, 𝑀 = 1,2,3,
𝑒𝑛𝑖𝑗					for	𝐽 = 1,2,3;𝑀 = 4,
𝑒𝑖𝑚𝑛			for	𝐽 = 4;𝑀 = 1,2,3,
𝑞𝑛𝑖𝑗					for	𝐽 = 1,2,3;𝑀 = 5,
𝑞𝑖𝑚𝑛			for	𝐽 = 5;𝑀 = 1,2,3,
−𝜅𝑖𝑛		for	𝐽 = 𝑀 = 4,
−𝜇𝑖𝑛		for	𝐽 = 𝑀 = 5,
−𝛼𝑖𝑛		for	𝐽 = 4,𝑀 = 5; 𝐽 = 5,𝑀 = 4,
(𝐴. 1) 
 
Where 𝐹9fgP is piezoelectric and piezomagnetic moduli. With 𝐹9fgP, another 5 x 5 matrix 𝐾gf will 
be introduced as: 
𝐾gf = 𝐹9fgP𝑥9𝑥P (𝐴. 2) 
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In this equation, 𝑥9 = [𝑥!, 𝑥%, 𝑥"]B, then we define another tensor 𝐽9fgP, 
 
𝐽9Pgf(𝑥!, 𝑥%, 𝑥") = 𝑥9𝑥P𝐾gf>! (𝐴. 3) 
 
 
The matrix J is the function of direction 𝑥!,	𝑥%,	𝑥". Now, we integrate J over the volume of an 
ellipsoidal inclusion.  When the spheroidal inclusion is symmetric about 3-direction, it satisfies 
𝑎! = 𝑎%, 𝛽 = 𝑎" 𝑎!⁄ , where 𝛽 is the aspect ratio of inclusion. So, the volume integral of matrix J 
is: 
𝐼9Pgf = n 𝐽9Pgf(𝑥! 𝑎!⁄ , 𝑥% 𝑎%⁄ , 𝑥" 𝑎"⁄ )
	
ℛ
𝑑𝑉 = n𝐽9Pgf(𝑥!, 𝑥%, 𝑥" 𝛽⁄ )
	
ℛ
𝑑𝑉 (𝐴. 4) 
By integrating the matrix J over polar coordinate system, the equation (A.4) can be further 
simplify as: 
𝐼9Pgf = n 𝑑𝜏
!
>!





The variables 𝑦!, 𝑦%, 𝑦" is given by applying a change of variables from 𝑥!, 𝑥%, 𝑥" to: 
𝑦! = Ç1 − 𝜏% cos 𝜃 ,			𝑦% = Ç1 − 𝜏% sin 𝜃 ,			𝑦" = 𝜏 (𝐴. 6) 
 










𝐹9fQOl𝐼9Pgf + 𝐼9gPfm,			𝑀 = 1~3,
1
4𝜋 𝐹9fQO𝐼9P&f,			𝑀 = 4,
1
4𝜋 𝐹9fQO𝐼9P$f,			𝑀 = 5,
(𝐴. 7) 
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It has to be mentioned that the equation (A.5) can be analytically evaluated only when aspect ratio 
𝛽 = 0,∞. For a general spheroid, it can be numerically evaluated by using Gaussian quadrature, 
which can be written mathematically as: 
𝐼9Pgf = n 𝑑𝜏
!
>!






𝑓(𝜏9) (𝐴. 8) 
 
 
A.1 Explicit S-tensor components for 1-3 fibrous and 2-2 multilayer composites 
 
In this section, the explicit results of Eshelby’s S-tensor for two kinds of most popular 
microstructure of multiferroic composites are given. The first one is 1-3 fibrous composite (𝛽 →
∞) and another is 2-2 thin film composite (𝛽 → 0). Their S-tensor components are summarized 
and listed below. It should be mentioned that the symmetric axis of transversely isotropic structure 
along the 3-direction, and 1-2 plane is isotropic. (The S-tensor has 144 components, and other 
components are zero except those listed below.) 
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If a stress is applied to certain crystals, they develop an electric moment whose magnitude is 
proportional to the applied stress. This is known as the direct piezoelectric effect. For example, if 
a uniaxial tensile stress 𝜎 is applied along one of the diad axes of a crystal, the magnitude of the 
electric moment per unit volume, or the polarization charge per unit area is given by: 
𝑃 = 𝑑𝜎 (𝐵. 1) 
 
Where d is a constant, called a piezoelectric constant tensor. The general statement of the 
relationship between Pi and 𝜎9: is: 
𝑃9 = 𝑑9:;𝜎:; (𝐵. 2) 
 
The 3rd rank tensor 𝑑9:; contains 27 coefficients. The third-rank tensor is obtained by an extension 
from the definition of first and second ranks. Tensors then were defined by means of their 
transformation laws. Therefore, the 27 numbers third-rank tensor transforms on change of axes to 
𝑑9:;k   can be written as: 
𝑑9:;k = 𝑎9<𝑎:6𝑎;P𝑑<6P (𝐵. 3) 
 
 
During calculating in particular problems, it is more convenient to reduce the number of suffixes 
as much as possible. The first suffix is the same in the two notations (tensor notation and matrix 
notation), but the second and third suffixes in the full tensor notation are replaced in the new 
notation by a single suffix running from 1 to 6, as follow: 
 




11 22 33 23,32 31,13 12,21 
Matrix 
notation 
1 2 3 4 5 6 
 
The last two suffixes in the tensor notation correspond to those of the stress components; so, for 










 (𝐵. 4) 
 
The piezoelectric and piezomagnetic constant tensors are transversely isotropic tensor, they are 
tetragonal structure and belong to class 4mm. The new axis system transforms respect to 3- axis 
90 degrees. Therefore, the 1-axis in transformation going to the position of 2-axis in old dimension, 
and 2-axis goes to negative 1-axis in old dimension. 
 
1’→2 2’→-1 3’→3 
 
Hence, the suffixes can be further transferred as: 
 
11’→22 22’→11 33’→33 23’→-13 13’→23 12’→-21 
 
𝑑!!k = 𝑑%%     𝑑!%k = 𝑑%!    𝑑!"k = 𝑑%"    𝑑!&k = 𝑑%$     𝑑!$k = 𝑑%&    𝑑!Hk = −𝑑%H   𝑑%!k = −𝑑!% = 0 
𝑑%%k = −𝑑!! = 0    𝑑%"k = −𝑑!" = 0   𝑑%&k = 𝑑!$    𝑑%$k = −𝑑!& = 𝑑%$     𝑑%Hk = 𝑑!H = −𝑑%H = 0 
𝑑"!k = 𝑑"%    𝑑""k = 𝑑""      𝑑"&k = −𝑑"$ = 0   𝑑"$k = 𝑑"& = 0  
 
It is required to rotate 90 degrees counterclockwise again along the 3-axis 
 
1’→ −1 2’→ 2 3’→3 
 
11’→ 11 22’→ 22 33’→33 23’→ 23 13’→ −13 12’→-12 
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𝑑!&k = −𝑑!& = 0    𝑑!$k = 𝑑!$     𝑑%&k = 𝑑%& = 𝑑!$      𝑑%$k = −𝑑%$ = 0      𝑑"!k = 𝑑"! = 𝑑"% 
 𝑑""k = 𝑑"" 
 
 
In matrix form, the 3rd ranking tensor can be written as: 
 
𝑑9:; = 
0 0 0 0 𝑑!$ 0
0 0 0 𝑑!$ 0 0
𝑑"! 𝑑"! 𝑑"" 0 0 0
 (𝐵. 5) 
 
 
The elasticity of the matrix L is fourth rank tensor, and it is obeying the rule of transversely 
isotropic, so the physical properties are symmetric about an axis (3-direction) that is normal to a 
plane of isotropy.  Three mutually orthogonal planes of reflection symmetry and axial symmetry 
with respect to 3-axis. Therefore, the symmetry transformations for transversely isotropic require 
that reflections about all three orthogonal planes plus all rotations about z-axis. For orthotropic: 














d (𝐵. 6) 
 
1’→ 1 2’→ 2 3’→ −3 
 
Hence, the suffixes can be further transferred as: 
 
11’→ 11 22’→ 22 33’→33 23’→ −23 13’→ −13 12’→12 
 
First rotate 90 degrees counterclockwise along 3-axis: 
𝐶!!k = 𝐶!!       𝐶!%k = 𝐶!%             	𝐶!"k = 𝐶!"              𝐶!&k = 𝐶!&              𝐶!$k = 𝐶!$       𝐶!Hk = 𝐶!H    
 
𝐶%%k = 𝐶%%       𝐶%"k = 𝐶%"             𝐶%&k = −𝐶%& = 0    𝐶%$k = −𝐶%$ = 0   𝐶%Hk = 𝐶%H    
 
𝐶""k = 𝐶""       𝐶"&k = −𝐶"& = 0   𝐶"$k = −𝐶"$ = 0    𝐶"Hk = 𝐶"H     
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𝐶&&k = 𝐶&&       𝐶&$k = 𝐶&$              𝐶&Hk = −𝐶&H = 0    
    
𝐶$$k = 𝐶$$       𝐶$Hk = −𝐶$H = 0 
 
𝐶HHk = 𝐶HH    
 
Rotate 90 degrees counterclockwise again along 1-axis: 
 
1’→ −1 2’→ 2 3’→3 
 
11’→ 11 22’→ 22 33’→33 23’→ 23 13’→ −13 12’→ −12 
 
 
𝐶!!k = 𝐶!!          𝐶!%k = 𝐶!%              	𝐶!"k = 𝐶!"              𝐶!Hk = −𝐶!H = 0 
 
𝐶%%k = 𝐶%%          𝐶%"k = 𝐶%"               𝐶%Hk = −𝐶%H = 0 
 
𝐶""k = 𝐶""          𝐶"Hk = −𝐶"H = 0 
   
𝐶&&k = 𝐶&&          𝐶&$k = −𝐶&$ = 0 
 
𝐶$$k = 𝐶$$  
 
𝐶HHk = 𝐶HH  
 









𝐶!!!! 𝐶!!%% 𝐶!!"" 0 0 0
0 𝐶%%%% 𝐶%%"" 0 0 0
0 0 𝐶"""" 0 0 0
0 0 0 𝐶%"%" 0 0
0 0 0 0 𝐶!"!" 0









The physical properties are symmetric about 3-axis that is normal to a plane of isotropy. Three 
mutually orthogonal planes of reflection symmetry and axial symmetry planes of reflection 
symmetry with respect to z-axis. Based on reflections about all three orthogonal planes and 
rotations about z-axis, the compliances of transversely isotropic will be obtained. 
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In order to simplify this problem, the rotation can be written in matrix form as: 
𝑄 = 
cos(𝜃) sin(𝜃) 0
− sin(𝜃) cos(𝜃) 0
0 0 1
 (𝐵. 8) 
 
Rotate 90 degrees counterclockwise along 3-axis: 
 
11’→ 22 22’→ 11 33’→33 23’→ −13 13’→ 23 12’→ −21 
 
It can be simplified further: 
 
𝐶!!k = 𝐶%%        𝐶!%k = 𝐶%!      𝐶!"k = 𝐶%"       𝐶%%k = 𝐶!!       𝐶""k = 𝐶""        𝐶&&k = 𝐶$$    
  
 𝐶HHk = (𝐶!! − 𝐶!%)/2 
 
 











𝐶!!!! 𝐶!!%% 𝐶!!"" 0 0 0
0 𝐶!!!! 𝐶!!"" 0 0 0
0 0 𝐶"""" 0 0 0
0 0 0 𝐶%"%" 0 0
0 0 0 0 𝐶%"%" 0












The determination of 4th and 3rd tensor for transversely isotropic have been demonstrated in the 
appendix B. the typical microstructure of ferroelectric and multiferroic composites are transversely 
isotropic, and it includes five constants components for 4th rank tensor, which are 𝐶!!,	𝐶!%,	𝐶!", 
𝐶&& and 𝐶"". The electric and magnetic properties are 3rd rank tensor, and it consists of 3 constants, 
which are 𝑒"!, 𝑒"" and 𝑒!$ (or 𝑞"!,	𝑞"" and 𝑞!$). 
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